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Abstract

We consider the problem of survivable minimum power bidirectional topology optimization in wireless networks.
Three different optimization problems are considered, minimizing the total transmit power, minimizing the maximum
transmit power and the minimum spanning tree, subject to arbitrary K-node connectivity constraints. In this paper,
we take an algebraic view of graph connectivity, which is defined as the second smallest eigenvalue of the laplacian
matrix of a graph. Since the algebraic connectivity of a graph is known to be a lower bound on its node and edge
connectivities, we impose a constraint on the algebraic connectivity to ensure that the solution is K-connected. Given
the special properties of the laplacian matrix of a graph, it is possible to express the algebraic connectivity requirement
as a positive semidefinite constraint. Using this critical result, we show how each of the three optimization problems
can be formulated as 0/1 semidefinite programs (SDP’s), which can be solved exactly using an SDP solver within a
branch-and-bound framework. Linear and semidefinite relaxations of the 0/1 constraints are also discussed. These
relaxations are useful for generating lower bounds on the exact 0/1 SDP models.

1 Introduction

We consider the problem of survivable power efficient bidirectional topology in multihop wireless networks where
individual nodes are typically equipped with limited capacity batteries and therefore have a restricted communication
radius. Topology control is one of the most fundamental and critical issues in multihop wireless networks which
directly affect the network performance. In wireless networks, topology control essentially involves choosing the
right set of transmitter powers to maintain adequate network connectivity. Incorrectly designed topologies can lead
to higher end-to-end delays and reduced throughput in error-prone channels. In energy-constrained networks where
replacement or periodic maintenance of node batteries is not feasible, the issue is all the more critical since it directly
impacts the network lifetime.

In a seminal paper on topology control using transmit power control in wireless networks, Ramanathan and
Rosales-Hain [1] approached the problem from an optimization viewpoint and showed that a network topology which
minimizes the maximum transmitter power allocated to any node can be constructed in polynomial time. This is a
critical criterion in battlefield applications since using higher transmitter power increases the probability of detec-
tion by enemy radar. They also proposed optimal polynomial time algorithms for both 1-connected and 2-connected
topologies. In this paper, we consider a different version of the power efficient topology optimization problem, that of
minimizing the total transmit power, as opposed to minimizing the maximum transmitter power. Minimizing the total
transmit power has the effect of limiting the total interference power in the network. It has been shown in [2] that this
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problem is NP-complete for the special case of 1-connected topologies with omnidirectional (or, single sector) anten-
nas. Related work in the area of 1-connected minimum power topology optimization include [3], [4] and [5], all of
which propose distributed algorithms. Specifically, [3] proposes a cone-based distributed algorithm which relies only
on angle-of-arrival estimates to establish a power efficient connected topology. Huang et al [4] describe a distributed
protocol which is designed for sectored antenna systems. The work in [5] explores the use of relative neighborhood
graphs (RNG) for topology control and suggests an algorithm for distributed computation of the RNG.

An excellent survey of the issues and challenges related to survivability of wireless networks can be found in [6].
One of the key research issues identified in [6] is “establishing and maintaining survivable topologies that strive to
keep the network connected even under attack”. The paper also argues for the need for research on power efficient
topologies while adhering to certain connectivity constraints.

In this paper, we take an algebraic view of graph connectivity, which is defined as the second smallest eigenvalue
of the laplacian matrix of a graph (also appropriately known as the algebraic connectivity), and propose a semidefinite
programming (SDP) based approach for solving the K-node connected power efficient topology optimization problem.
The second smallest eigenvalue of the graph laplacian has emerged as an important parameter in many system and
control problems defined over networks (see for example, [7, 8, 9, 10]). For example, it is shown in [7] that the second
laplacian eigenvalue is a measure of stability and robustness of a networked dynamic system. In a related study,
the parameter has been shown to play a crucial role in the network agreement problem [8]. The second laplacian
eigenvalue is also known to be a lower bound on the node-connectivity and the edge-connectivity of an undirected
graph [11]. There has also been some research on synthesizing a graph, subject to certain constraints, which maximizes
its algebraic connectivity, e.g., [12, 13]. We, however, tackle a complementary problem - given a set of weights on the
edges, we would like to find a graph which minimizes the cost, subject to a constraint on its algebraic connectivity.
Given the special properties of the laplacian matrix of a graph, it turns out that the connectivity requirement can
be expressed succinctly as a semidefinite constraint. This provides a basis for solving this and other related fault
tolerant topological optimization problems (e.g., K-minimum spanning tree) mathematically using an SDP solver.
Most closely related to our work is [14] which discusses a 2-step centralized heuristic for constructing and improving
power efficient K-node connected topologies using the notion of algebraic connectivity.

The rest of the paper is organized as follows. In Section 2, we describe the network model and outline our
assumptions. In Section 3, we summarize some definition and theorems related to algebraic graph theory and in
Section 4, we briefly review SDP and its relationship to linear programming (LP). In Sections 5 and Section 6, we
formally define the problem and discuss SDP formulations for solving it. Numerical examples have been provided in
Section 6 to illustrate the strengths of the formulations. Some guidelines for future work are also discussed in Section
6.

2 Network Model and Assumptions

In this section, we outline our network model and assumptions. At the outset, though, we would like to mention that
the terms K-node (edge) survivability and K-node (edge) connectivity have been used interchangeably throughout
this paper. Similarly, the term symmetric (or bidirectional) topology has been used interchangeably with undirected
(or bidirected) graph in a graph theoretic context. Also, we will consistently use the notations ~x and x to denote a
vector and a matrix respectively. The ith element of ~x will be denoted by xi. By default, all vectors will be treated as
column vectors.

1. We consider a fixed N -node wireless network in a two-dimensional plane.

2. All nodes are equipped with limited capacity batteries.

3. All nodes are assumed to have an omnidirectional antenna1.

4. Given a target probability of bit error rate from node i to node j, the transmitter power at node i necessary to
support the link i → j 2, Pij , is proportional to P0d

α
ij , where dij is the Euclidean distance between nodes i and

1However, the model we propose can be straightforwardly extended to account for sectored antennas. Our assumption of omnidirectional
antennas is motivated primarily by our desire to keep the exposition simple.

2In this paper, the notation i ↔ j is used to denote a bidirectional link between nodes i and j while a directed link from i to j is represented by
i → j. The notation (i, j) is used to refer to the node pair.
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j, α is the channel loss exponent, typically between 2 and 4, and P0 is the reference power when dij = 1m.
Without any loss of generality, we set the proportionality constant equal to 1 and therefore:

Pij = P0d
α
ij (1)

For energy constrained networks, it is desirable that the network topology be optimized taking into account
battery residual capacities. This can be accomplished by redefining Pij as follows:

Pij = C−β
i (t) C−β

j (t)P0 dα
ij (2)

where Ci(t) is the normalized battery residual capacity of node i at time t (0 ≤ Ci(t) ≤ 1) and β is a scaling
factor, β ≥ 1. Although we have assumed identical scaling factors for both the transmitter and the receiver, this
assumption can be relaxed to account for different scaling factors.

5. We assume that Pij = Pji,∀(i, j) ∈ N where N is the set of all nodes in the network and N = |N |.

6. There is a constraint on the maximum power level per sector which a node can use for transmission and that this
parameter is identical for all nodes. We denote this maximum power level by P max.

If Yi is the transmission power cost corresponding to node i, we have:

0 ≤ Yi ≤ Pmax : ∀i ∈ N (3)

7. Let E be the set of all bidirected edges and E = |E|. Using the transmitter power constraint, the set E is given
by:

E = {(i ↔ j) : (i, j) ∈ N , i 6= j, P max ≥ Pij} (4)

The third condition on the right hand side of (4) enforces bidirectionality of edges based on the maximum power
constraint. Note that because of our assumption that the matrix P is symmetric, P max ≥ Pij ⇒ Pmax ≥ Pji.
For the sake of notational simplicity, we will also use the set E to refer to all directed edges, {i → j}, in the
graph, since:

(i ↔ j) ∈ E ⇔ (i → j) ∈ E and (j → i) ∈ E (5)

We will refer to the graph G = (N , E) as the reachability graph of the network.

8. We assume that the parameter P max is such that no node can reach all other nodes in the network. That is, for
each i, there is at least one j such that (i → j) 6∈ E .

3 Some Definitions and Theorems

We now provide a compilation of essential definitions and theorems which we will use in developing a mathematical
formulation of the survivable power efficient topological optimization problem. The theorems and, in most cases, their
proofs can be found in the references cited.

Definition 1. An undirected graph, G = (N , E), where N is the set of nodes and E is the set of edges, is simple if (a)
there is at most one edge between any pair of nodes and (b) there are no loops; i.e., there are no edges of the form
(i, i).

Definition 2. An undirected graph is connected if there is a path between any pair of nodes i and j in N .

Definition 3. The node connectivity of a graph G, denoted by κn(G), is equal to the minimum number of nodes whose
deletion from G causes the graph to be disconnected or reduces it to a 1-node graph.

Definition 4. A graph G is K-node connected if κn(G) ≥ K.

Definition 5. The edge connectivity of a graph G, denoted by κe(G), is equal to the minimum number of edges whose
deletion from G causes the graph to be disconnected.
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Definition 6. A graph G is K-edge connected if κe(G) ≥ K.

Definition 7. The adjacency matrix of a simple graph G, denoted by A(G), is a N × N (N = |N |) binary matrix
such that:

Aij(G) =

{
1, if (i ↔ j) ∈ E
0, otherwise

(6)

The adjacency matrix of simple undirected graphs is symmetric and has all diagonal elements equal to 0.

Definition 8. The degree (or, valency) of any node i in an undirected graph G, denoted by degi, is equal to the number
of edges incident on i; i.e., degi =

∑
j Aij(G) =

∑
j Aji(G).

Definition 9. The laplacian matrix of a graph G, denoted by L(G), is a |V| × |V| matrix such that:

Lij(G) =

{
degi, if j = i
−Aij(G), otherwise

(7)

For connected simple undirected graphs, L(G) has the following properties:

• It is symmetric and all its off-diagonal elements belong to the set {0, -1}.

• Its diagonal elements are positive.

• All row and column sums are equal to 0 (⇒ L(G) is singular). Specifically, Lii(G) =
∑

j 6=i |Lij(G)|, ∀i.

• Its rank is equal to N − 1. In general, if a graph G has r connected components, the rank of its laplacian is
equal to N − r.

Given a simple graph G, its adjacency matrix, A(G) and a diagonal node degree matrix D(G) = diag(A(G) · ~e)
where ~e is an N × 1 dimensional vector of all 1’s, it can seen that Dii(G) = degi and therefore:

L(G) = D(G) − A(G) = diag (A(G) · ~e) − A(G) (8)

where diag(~v) represents a diagonal matrix whose diagonal is ~v. We should mention here that, in this paper, we use the
diag(.) notation to represent both the diagonal of a matrix as well as the diagonalization of a vector. The context will

be clear depending on whether the argument is a matrix or a vector. For example, if X =

[
1 2
3 4

]
, diag(X) = [1, 4]T

and diag(diag(X)) =

[
1 0
0 4

]
.

Definition 10. The laplacian eigenvalues of G are the roots of the characteristic polynomial of L(G).

Since L(G) is symmetric, all its eigenvalues are real. In this paper, we will assume throughout that the eigenspec-
trum of any matrix is ordered according to magnitude, from the smallest to the greatest: |λ1| ≤ |λ2| ≤ · · · ≤ |λN |
(N = |N |), and repeated according to their multiplicity. The notation λk will be used to denote the k-th “smallest”
(in terms of absolute value) eigenvalue. For the laplacian matrix, all its eigenvalues are nonnegative (see Theorem 1)
and therefore λk = |λk|; 1 ≤ k ≤ N .

The following theorems relate the connectivity of an undirected graph to the eigenspectrum of its laplacian matrix.

Theorem 1. The smallest eigenvalue of the laplacian of an undirected graph G is equal to 0 (i.e., λ1(L(G)) = 0)
and its corresponding eigenvector is the unit vector ~e.

Moreover, the multiplicity of 0 as an eigenvalue of L(G) is equal to the number of connected components of G
(see Section 2 of [18]). Consequently, if the graph G is disconnected, λ2(L(G)) = 0.

Theorem 2. For any undirected graph G = (N , E), the second eigenvalue of its laplacian is upper bounded by its
node connectivity, which in turn is upper bounded by its edge connectivity [18].

λ2(L(G)) ≤ κn(G) ≤ κe(G) (9)
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Moreover, if G is not complete3, i.e., there is at least one pair of nodes i and j such that (i → j) 6∈ E (see pp. 289 of
[11]), its edge connectivity is upper bounded by the minimum node degree.

λ2(L(G)) ≤ κn(G) ≤ κe(G) ≤ mini∈N (degi(G)) (10)

For the rest of this paper, we will simplify notation and refer to the laplacian and adjacency matrices simply as L

and A, leaving their dependency on the graph G implicit.

4 Brief Review of SDP and LP

In this section, we provide a brief review of SDP and its relationship to LP. We will use the notations ≥ and < to
represent ‘elementwise non-negativity’ and ‘positive semidefiniteness’. For example, given an N × N matrix A, the
constraint A ≥ 0 would denote that all elements of A are non-negative and the constraint A < 0 would denote that
the matrix A is semidefinite. For this section and the rest of the paper, we assume that all matrices/vectors/scalars are
real.

Given an N × 1 dimensional vector, a set of N × 1 dimensional coefficient vectors {~c1,~c2, · · ·~cm} and a set of
scalars {d1, d2, dm}, a typical linear minimization problem involving an N × 1 decision vector ~x is of the form:

minimize ~wT ~x

subject to ~cT
i ~x ≥ di, i = 1, 2,m (11)

~x ≥ 0

where ‘T ’ denotes the transpose operator.
Whereas linear programming is used for optimization over the nonnegative orthant4, RN

+ , semidefinite program-
ming is used for “linear optimization” over the cone of symmetric matrices, SN . Given a weight matrix W ∈ SN ,
a set of coefficient matrices {C1,C2, · · ·Cm ∈ SN} and a set of scalars {d1, d2, · · · dm}, a typical semidefinite
minimization problem involving a symmetric N × N decision matrix X is of the form:

minimize W • X

subject to Ci • X ≥ di, i = 1, 2,m (12)

X < 0, X ∈ SN

where the notation X • Y denotes the Frobenius inner product of the matrices X and Y:

X • Y = trace
(
XT Y

)
=

∑

i,j

XijYij (13)

As with linear programs, the general form of SDP’s can also include equality constraints. Observe that if all the
matrices in (12) are diagonal, SDP reduces to LP 5. For further details on SDP, readers can refer to [23]. An excellent
survey on the use of semidefinite programming in combinatorial optimization can be found in Chapter 12 of [23]. A
collection of survey papers and articles can also be found online at [24], in particular, [25] and [28].

Unlike LP’s which can be solved using a number of methods, e.g., simplex, dual-ascent, auction algorithms [26]
and interior point [27], SDP’s are typically solved using primal-dual interior point algorithms. While such algorithms
are theoretically efficient, in practice, solving a large scale SDP with general purpose SDP solvers based on primal-dual
interior point methods requires excessive storage and computation time and tends to be extremely slow.

A number of SDP solvers, both in C and as MATLAB toolboxes, are freely available. For a list of such solvers,
readers can refer to the website maintained by Helmberg [28]. For our simulations, we have used the SeDuMi solver
[29] along with the YALMIP parser [30].

3This caveat holds as per assumption (11), Section 2.
4The set of all nonnegative vectors in N -dimensional Euclidean space R

N

5For any diagonal matrix X, with ~x as the diagonal, X < 0 ⇔ ~x ≥ 0

UWEETR-2005-0004 5



Figure 1: Illustrating link support with an omnidirectional antenna. Suppose that node A maintains bidirectional links
with nodes B, C and D, node B being the farthest. Because of the broadcast nature of the wireless medium, existence
of the link A → B implies the existence of links A → C and A → E. The transmit power support required at node A
to maintain connectivity with B, C and D is therefore: YA = max(PAB ,PAC ,PAD) = PAB .

5 Problem Statement

Let ~Y be a vector of node transmission powers, the element Yi representing the total transmission power cost of node
i. The objective function for the K-node survivable minimum power topological (MPT) optimization problem is:

K-MPT: minimize
N∑

i=1

Yi (14)

which is to be solved subject to the constraint that the solution be a K-node connected simple, symmetric graph.
For the rest of this paper, we concentrate solely on the node connectivity case, although the heuristic algorithm we
discuss later can be extended straightforwardly to the K-edge connected case. Henceforth, we will refer to K-node
connectivity as simply K-connectivity.

Note that instead of minimizing the total transmit power, we could have minimized the maximum transmitter
power, which we refer to as the K-MMPT problem:

K-MMPT: minimize (maxi {Yi : i ∈ N}) (15)

It has been shown by Ramanathan and Rosales-Hain [1] that (15) can be solved optimally in polynomial time for
K = 1 and K = 2. However, Clementi et al [2] have shown that the objective function in (14) is NP-complete even if
simple connectivity is desired, i.e., for K = 1. Consequently, it can be inferred that the general K-MPT problem is
NP-complete too.

In a wireless network with omnidirectional antennas, the existence of a link from node i to node j also implies
the existence of links from i to all nodes which are geometrically closer to i than j. We will refer to this property
as the wireless advantage property. For example, in Figure 1, node A maintains bidirectional links with nodes B,
C and D, node B being the farthest. Because of the broadcast nature of the wireless medium, existence of the link
A → B implies the existence of links A → C and A → E. The transmit power support required at node A to maintain
connectivity with B, C and D is therefore: YA = max(PAB ,PAC ,PAD) = PAB .

Let ne(i) be the set of neighbors of node i which are within radio range of i. For example, in Figure 1, ne(A) =
{B,C,D}. Since we are dealing with bidirectional topologies, j is considered to be a neighbor of i only if i is also a
neighbor of j. In other words,

j ∈ ne(i) ⇔ i ∈ ne(j) ⇒ (i ↔ j) ∈ E
Using the wireless advantage property (see Figure 1), the variable ~Yi can be expressed as:

Yi = maxj{PijAij : j ∈ ne(i)} (16)

where Aij is a binary variable equal to 1 if the edge i → j is included in the solution and 0 otherwise. Of course, since
we seek a symmetric topology, any optimization model should impose a constraint that the matrix A be symmetric.

We now consider the node connectivity constraint which is of the form:

κn(G) = K (17)
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where K is the desired connectivity parameter. For example, K = 2 if a biconnected topology is desired, K = 3 for
a triconnected topology, etc. For K = 1, a mixed integer linear programming model is discussed in [17] for solving
the MPT problem optimally. However, modeling connectivity constraints within a linear program for K > 1 involves
significant computational complexity.

Since the algebraic connectivity is a lower bound on graph theoretic node connectivity, κn, we can consider the
following constraint in place of (17):

λ2(L) > K − 1 (18)

where λ2(L) is the second smallest eigenvalue of the laplacian matrix of G, or, the algebraic connectivity of G [20].
From Theorem 2, λ2(L) > K − 1 ⇒ κn ≥ λ2(L) > K − 1 ⇒ κn is at least as great as K, considering the integrality
property of κn. For 1-connectedness (or, simple connectivity), the algebraic condition that needs to be satisfied is
therefore λ2(L) > 0. Equation (18), however, cannot be modelled as a semidefinite constraint. We therefore choose
to work with:

λ2(L) ≥ K − 1 + ε (19)

where ε is a small positive number on the order of, say, 10−5. The choice of ε is dictated primarily by machine
accuracy. Later in this section, we will show how to express (19) as a semidefinite constraint.

Though not necessary in the context of this paper, it is interesting to note that Kirkland et al [21] have recently
identified the conditions under which the algebraic connectivity of a graph is exactly equal to its node connectivity.
For more details on this, readers can also refer to [14].

In order to provide a graph theoretic interpretation of the K-node survivable MPT problem, we use the notation
Ω(G) to denote the set of all simple undirected graphs defined on the node set N and edge set E (4) which are K-node
connected. For any graph G ∈ Ω(G), let Aij ∈ {0, 1}, j ∈ ne(i), and equal to 0 otherwise6. If Ĝ ∈ Ω(G) is the
optimal graph, it can be seen from (14) and (16) that, for the K-MPT problem, Ĝ minimizes

N∑

i=1

maxj {PijAij} (20)

when the optimization is carried out over the set Ω(G) subject to the following constraints:

• the matrix A is symmetric, and

• the connectivity requirement (19) is met.

The maximum power constraint on each node is taken care of by presetting Aij = 0 for all (i ↔ j) 6∈ E (4).
Closely related to the K-MPT problem is the K-minimum spanning tree (K-MST) problem. The optimal graph

Ĝ in this case minimizes

N∑

i=1

N∑

i=j

PijAij (21)

and satisfies all of the constraints discussed above. Note, however, that the cost of the objective function (21) will
be twice the true cost since each undirected edge is accounted for twice, through the terms PijAij and PjiAji.
Comparing (20) and (21), it is easy to see that, for a given graph G, the cost of (20) is upper bounded by the cost of
(21) since all Pij’s are nonnegative. Therefore, for any K:

cost (K-MPT) ≤ 2 × cost (K-MST) (22)

Finally, for the K-MMPT problem (15), Ĝ minimizes

maxi [maxj {PijAij}] = maxi,j {PijAij} (23)

when the optimization is carried out over Ω(G) subject to the same set of constraints discussed above. Observe that
the objective function and the constraint set in this case is the same as that of the K-bottleneck spanning tree problem
which seeks to find a K-connected spanning tree which minimizes the maximum edge cost.

6That is, if (i ↔ j) 6∈ E , the variables Aij and Aji can be preset to zero.
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5.1 Modeling the connectivity requirement as a semidefinite constraint

We now show how to model the connectivity requirement (19) as a semidefinite constraint.

Proposition 1. Consider the N−1 dimensional subspace Q ⊆ RN spanned by the vectors ~Qi ∈ RN , i = 1, 2, · · ·N−
1. Let the vectors { ~Qi : i = 1, 2, · · ·N − 1} satisfy the three conditions:

• ~QT
i

~Qi = 1 • ~QT
i

~Qj = 0, i 6= j • ~QT
i ~e = 0

Denote Q = [ ~Q1, ~Q2, · · · ~QN−1]. Then, given a graph G and its laplacian L,7

QT LQ < γ ⇔ λ2(L) ≥ γ (24)

Proof. First, we note that
(
QT LQ

)
∈ SN−1. Let ~x be any nonzero vector in RN−1. Also, without loss of generality

(w.l.o.g) , let us assume that ~x is of unit norm. Then,

QT LQ < γ

⇒ ~xT
(
QT LQ

)
~x ≥ γ; ∀

(
~x 6= ~0

)
∈ RN−1

⇒ (Q~x)
T

L (Q~x) ≥ γ; ∀
(
~x 6= ~0

)
∈ RN−1 (25)

Observe that any nonzero vector ~y ∈ Q can be written as:

~y = α1
~Q1 + α2

~Q2 + · · ·αN−1
~QN−1

for some choice of scalars α1, α2, · · ·αN−1 ∈ R, not all equal to zero. Equivalently, in vector notation, ~y = Q~α,
where ~α = [α1, α2, · · ·αN−1]

T . Since our choice of ~x in (25) was arbitrary (except it being nonzero), we can as well
write ~y = Q~x, w.l.o.g. Equation (25) can therefore be expressed as:

~yT L~y ≥ γ; ∀ ~y ∈ Q (26)

⇒ λ2(L) ≥ γ (27)

which proves our proposition. Note that (27) follows from (26) since rank(L) ≤ N − 1, L is symmetric (⇒ its
eigenvector matrix is orthogonal), and the eigenvector corresponding to the smallest eigenvalue, λ1, is ~e (see Definition
9 and Theorem 1, Section 3).

We conclude this section with a brief review of semidefinite relaxation for 0/1 programs.

5.2 Semidefinite relaxation of 0/1 programs

In binary optimization problems, each element of the decision vector, ~x, is constrained to be either 0 or 1, i.e.,
xi ∈ {0, 1}, or alternately, x 2

i − xi = 0, ∀i. A semidefinite relaxation of the binary constraints involves lifting
~x ∈ RN into the space of (N + 1) × (N + 1) matrices, R(N+1)×(N+1). To elaborate, we first define the matrix
variable Y as follows:

Y =

[
1 ~xT

~x X

]
(28)

where X ∈ SN . Let us now impose the constraints:

(i) X = ~x~xT and (ii) diag(X) = ~x

Observe that (i) and (ii) together ensures x 2
i − xi = 0, ∀i, or equivalently, the decision variables are constrained to

take on binary values. Since constraint (i) is nonconvex, it is relaxed to X < ~x~xT (which is convex w.r.t ~x and X) for

7Recall that the notation QT LQ < γ ⇔ QT LQ − γIN−1 < 0.
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implementation within an SDP framework. Using the Schur Complements theorem (see Theorem 7.7.6 in [22]), it is
easy to see that

X < ~x~xT ⇒ Y < 0

To summarize, the SDP relaxation of ~x ∈ {0, 1}N is given by:

Y =

[
1 ~xT

~x X

]
< 0, diag(X) = ~x (29)

It can be easily shown that the semidefinite relaxation of 0/1 constraints is at least as tight as the linear relaxations
{0 ≤ xi ≤ 1; i = 1, 2, · · ·N}, or equivalently,

Theorem 3. The projection of the convex set defined by (29) onto RN is contained within the polyhedron defined by
the linear relaxations {0 ≤ xi ≤ 1; i = 1, 2, · · ·N}.

Proof. For matrices A,B,C ∈ SN , let A < B and C < 0. It can be shown that

A ◦ C < B ◦ C (30)

where the notation ‘◦’ denotes the Hadamard (or elementwise) product of two matrices. Therefore:

X < ~x~xT ⇒ X ◦ IN <
(
~x~xT

)
◦ IN · · · using (30)

⇒ diag (diag (X)) < diag
(
diag

(
~x~xT

))

⇒ diag (X) ≥ diag
(
~x~xT

)

⇒ ~x − diag
(
~x~xT

)
≥ ~0 · · · using (29)

⇒ xi − x 2
i ≥ 0; i = 1, 2, · · ·N

⇒ 0 ≤ xi ≤ 1; i = 1, 2, · · ·N

which proves our theorem.

Finally, we would like to mention that a complete reformulation of an integer program as an SDP also requires that
the objective function and the constraint set be suitably transformed in terms of the newly defined matrix variable Y.
Readers interested in the details of such transformations can refer to [31].

6 SDP Formulations

With the above background, we now proceed to develop the SDP models for our topological optimization problems.
To keep the notation simple, we will occasionally use a solver-recognizable format instead of the general SDP format
shown in (12). For example, if our objective is to minimize

∑
i ~xi, we will use the notation minimize

(
~xT~e

)
instead

of its SDP equivalent minimize (I • diag(~x)).

6.1 K-MST

As mentioned before, given a symmetric cost matrix P, the objective function of the K-MST problem is to

minimize
∑

i,j

PijAij = minimize (P • A)

where A is the unknown binary adjacency matrix with elements Aij fixed to zero if (i ↔ j) 6∈ E . Using the
semidefinite modeling of the connectivity requirement discussed in Proposition 1, we have a simple 0/1 semidefinite
program as shown in Figure 2. Observe that the connectivity requirement (35) has been expressed in terms of the
adjacency matrix since L = diag(A~e) − A (8). Also, note that (34) is a minimum degree constraint on the nodes
(10), which, although not required8, speeds up the solution time considerably.

8Any feasible solution will automatically satisfy this constraint.
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minimize (P • A)
subject to

A ∈ {0, 1}N×N (31)

A ∈ SN (32)

Aij = 0, ∀(i ↔ j) 6∈ E (33)

A~e ≥ K~e · · · redundant inequality (34)

QT (diag(A~e) − A)Q < K − 1 + ε (35)

Figure 2: SDP model for the K-MST problem with 0/1 variables. If the YALMIP parser is used, (31) and (32)
can be combined into a single variable definition: A = binvar(N,N,‘symmetric’), the first and second input
arguments defining the size of A. An SDP relaxation of this model can be obtained by replacing (31) with (36) and
(37). A linear relaxation of the 0/1 SDP model can be obtained by replacing (31) with (38).

It is possible to solve mixed integer SDP’s (MISDP) using a SDP solver in a branch-and-bound framework. In our
simulations, we have used YALMIP and SeDuMi to solve the 0/1 SDP’s. To the best of our knowledge, this is the
only general purpose solver combination available for MISDP’s.

An SDP relaxation (and thereby convex) of the 0/1 SDP model in Figure 2 can be obtained by applying Theorem
3 to each row of the A matrix. Let A(i, :) denote the ith row of A. Define a set of additional matrices {Bi ∈ SN ; i =
1, 2, · · ·N}. Then, an SDP relaxation of Figure 2 can be obtained by replacing (31) with:

[
1 A(i, :)

[A(i, :)]T Bi

]
< 0; i = 1, 2, · · ·N (36)

diag(Bi) = [A(i, :)]T ; i = 1, 2, · · ·N (37)

Finally, we note that a linear relaxation of the 0/1 SDP in Figure 2 can be obtained by replacing (31) with

0 ≤ A ≤ 1 (38)

where 0 and 1 are N × N matrices of all zeros and ones. To the best of our knowledge, YALMIP currently uses a
linear relaxation based branch-and-bound algorithm to solve mixed integer SDP’s.

Figure 3 provides an example of a simple 8-node network and the solutions obtained using the 0/1 SDP model and
its SDP and linear relaxations, for K = 2, α = 2 (1), P max = 0.25 and ε = 0.001. The importance of the redundant
inequality (34) in Figure 2 can be gauged from the fact that only 685 branch-and-bound iterations were required to
solve the 0/1 SDP to optimality with it, compared to 3402 iterations without it.

6.2 K-MPT

As discussed in Section 5, the objective function here is to minimize
∑

i Yi, where Yi is the transmit power of node i,
defined as follows:

Yi = maxi,j (PijAij) , or, Yi ~e ≥ [P(i, :)]T ◦ [A(i, :)]T

The rest of the constraints are exactly the same as the K-MST problem. Linear and semidefinite relaxations can be
obtained using the same modifications as discussed for the K-MPT. Figure 4 summarizes the 0/1 SDP model for the
K-MPT.

Observe that we have included a constraint on the maximum transmit power (40) in the model, which, although
redundant9, provides a moderate speed up of the solution time. The model also includes a lower bound (also redundant)
on each element of Y (41). The derivation of this bound follows straightforwardly from (10). Let ne(i,K) denote the
‘Kth nearest’ neighbor of node i. Since all nodes must reach its K nearest neighbors in a K-connected topology, the
transmit power level of node i, Yi, must be at least equal to Pi,ne(i,K).

9Equation (Note that 45) already assures that the maximum power constraint is not violated.
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Figure 3: (a) Edges in the 2-MST solution after solving the 0/1 SDP. The weight of all edges shown is 1. The cost
of this solution is 0.81321. (b) Fractional weight edges after solving the semidefinite and linear relaxations. The
fractional weights are shown to the right of the figure. Incidentally, both relaxations yield the same solution in this
case. The cost of the fractional solution is 0.67819.

Table 1: Comparison of branch-and-bound iterations required for different combinations of the valid inequalities in
Figure 4.

(42) (41) (40) No. of BNB iterations√
x x 3409√
x

√
3131√ √

x 3107√ √ √
2739

Figure 5 shows the solutions obtained after solving the 0/1 SDP model and its relaxations on the same 8-node net-
work as in the previous section. Table 1 provides a comparison of the number of branch-and-bound iterations required
for different combinations of the valid inequalities in Figure 4. While we have already documented the importance of
the degree inequality (42) in the context of the K-MST, the impact of the other two redundant inequalities, (40) and
(41), can be gauged from Table 1. Together, they provide almost a 20% reduction in the number of branch-and-bound
iterations, compared to the case when only (42) is used.

It is interesting to note that, even on this simple 8-node example, the number of branch-and-bound iterations
required for the K-MPT problem with only the degree inequality (see first row of Table 1) is about 5 times the number
of iterations required for the K-MST. We conjecture that this would be generally true for any N and any problem
instance. If so, one could possibly approximate the K-MPT by the K-MST and evaluate its cost according to the
MPT criterion. There is no guarantee, however, that this modified cost would be the same as that obtained by directly
solving the 0/1 SDP model for K-MPT. For example, in Figure 3, the cost of node 1 according to the MPT criterion
would be max (P13,P14,P16,P17) and the cost of node 2 according to the MPT criterion would be max (P24,P25).
Evaluated in this fashion, the cost of the MST solution in Figure 3a is 0.97789. This is greater than the cost of the
actual 2-MPT solution shown in Figure 5a, which is 0.93832.

6.3 K-MMPT

As discussed in Section 5, the objective function here is to minimize maxi,j (PijAij). Since the matrix A is symmetric
and all its diagonal elements are zero, an equivalent objective function is ‘minimize Y ’, where Y is a scalar variable
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minimize
(

~Y T~e
)

subject to
Yi ~e ≥ [P(i, :)]T ◦ [A(i, :)]T ; ∀i (39)

Pmax~e − ~Y ≥ ~0 · · · redundant inequality (40)

Yi − Pi,ne(i,K) ≥ 0; ∀i · · · redundant inequality (41)

A~e ≥ K~e · · · redundant inequality (42)

A ∈ {0, 1}N×N (43)

A ∈ SN (44)

Aij = 0, ∀(i ↔ j) 6∈ E (45)

QT (diag(A~e) − A)Q < K − 1 + ε (46)

Figure 4: SDP model for the K-MPT problem with 0/1 variables. The notation ‘◦’ in (39) denotes the elementwise
product of two vectors. An SDP relaxation of this model can be obtained by replacing (43) with (36) and (37) and a
linear relaxation can be obtained by replacing (43) with (38).

defined as:

Y = max1≤i≤N−1 (maxi+1≤j≤N (PijAij)) (47)

The advantage of using this equivalent objective function is that it requires N(N − 1)/2 inequalities when expressed
as a set of linear constraints, compared to N(N − 1) inequalities otherwise. Specifically, the set of linear inequalities
is given by:

Y ≥ PijAij ; 1 ≤ i ≤ N − 1, i + 1 ≤ j ≤ N (48)

For any matrix X, let vec(U(X)) denote the vectorization of the upper triangular portion of X above the leading

diagonal. For example, if X =




1 2 3
4 5 6
7 8 9


, vec(U(X)) = [2, 3, 6]T . With these notations, equation (48) can be

compactly expressed as:

Y ~e ≥ vec(U(P)) ◦ vec(U(A)) (49)

Note that the dimensionality of ~e on the l.h.s of the inequality is N(N−1)
2 × 1. The rest of the model is similar to the

K-MPT and is summarized in Figure 6.
Figure 7 shows the solution obtained after solving the 0/1 SDP model for our example 8-node network. The

number of branch-and-bound iterations required in this case is 171. The highest transmit power level in the 2-MMPT
solution is 0.13533, corresponding to nodes 5 and 6, and the total power cost is 1.02312. In contrast, the highest
transmit power level for the 2-MPT solution is 0.14133, corresponding to nodes 8 and 4, but the total power cost is
0.93832.

6.4 Case for strengthening the K-MPT and K-MST models

Based on our implementation experience, we feel that the SDP models for the K-MST and K-MPT problems could
benefit substantially from stronger lower bounds on the optimal cost. For the example 8-node network, we have
observed that the optimal cost was established as an upper bound for the 2-MPT at iteration 507 of the branch-and-
bound tree; proving its global optimality, however, required a total of 2739 iterations. For the 2-MST, the optimal
cost was established as an upper bound at iteration 129, while proving its global optimality required a total of 685
iterations. In both cases, the optimal solution was found within approximately 20% of the total number of iterations
required to prove optimality.
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Figure 5: (a) Edges in the 2-MPT solution after solving the 0/1 SDP. The cost of this solution is 0.93832. The nodes
with the highest transmit power are 8 and 4 and their power level is 0.14133. (b) Fractional weight edges after solving
the semidefinite and linear relaxations. The fractional weights are shown to the right of the figure. As in Figure 3b,
both relaxations yield the same solution. The cost of the fractional solution is 0.45609.

For the 2-MMPT, however, the optimal cost was established as a lower bound at iteration 162, while proving its
global optimality required a total of 171 iterations. While it could well be possible to tighten the 0/1 SDP model for
the K-MMPT, we reserve our judgment pending more extensive simulation experience.

In light of this, we are currently working on identifying valid inequalities which would sharpen the lower bound
on the optimal cost for the K-MST and K-MPT.

6.5 Future work

In this section, we provide some guidelines for future work. As mentioned previously, short of writing one’s own code,
YALMIP appears to be the only available solver capable of handling MISDP’s. Based on personal correspondence
with Johan Löfberg, the author of YALMIP, it is our impression that there is a substantial scope of improvement in the
‘presolve’ component10 of its branch-and-bound code. In the near future, we intend to strengthen this component and
study its impact on the solution times for medium and large scale 0/1 SDP’s.

While cutting plane based algorithms are used extensively in practice for solving large-scale integer programs,
research on similar algorithms for semidefinite programs is generally problem-specific and still at a fairly rudimentary
stage. We plan on investigating such an approach in future.

Another area in which research can proceed is the design of iterated or randomized rounding algorithms, possi-
bly with proven performance guarantees, for linear or semidefinite relaxations of the 0/1 SDP models. Ideally, the
rounding algorithm should not necessitate revalidation of the connectivity constraint, or, at the very least, keep such
computations to a minimum.

7 Conclusion

In this paper, we have considered the problem of K-node connected minimum power bidirectional topology optimiza-
tion in wireless networks. Since the algebraic connectivity of a graph is known to be a lower bound on its node and
edge connectivities, we have proposed to impose a constraint on the algebraic connectivity to ensure that the solution
is K-connected. Exploiting the special properties of the laplacian matrix of a graph, we were able to express the
algebraic connectivity requirement as a positive semidefinite constraint. Based on this critical result, we showed how

10The impact of the presolve component on problem size can be significant in medium and large scale integer programs
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minimize Y
subject to

Y ~e ≥ vec(U(P)) ◦ vec(U(A)) (50)

Pmax − Y ≥ 0 · · · redundant inequality (51)

A~e ≥ K~e · · · redundant inequality (52)

A ∈ {0, 1}N×N (53)

A ∈ SN (54)

Aij = 0, ∀(i ↔ j) 6∈ E (55)

QT (diag(A~e) − A)Q < K − 1 + ε (56)

Figure 6: SDP model for the K-MMPT problem with 0/1 variables. The notation ‘◦’ in (50) denotes the elementwise
product of two vectors. An SDP relaxation of this model can be obtained by replacing (53) with (36) and (37) and a
linear relaxation can be obtained by replacing (53) with (38).

each of the three optimization problems can be formulated as 0/1 SDP’s, which can be solved exactly using an SDP
solver within a branch-and-bound framework.
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