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Abstract

This paper considers the issue of optimal subcarrier allocation in OFDMA. We
show, via a counter example, that water-filling based subcarrier allocation policies,
contrary to conventional wisdom, fail to provide rate-stability for an otherwise
stabilizable OFDMA system. Water-filling is too myopic when considering long-
time average performance, e.g. delay, queue lengths, and even long-run through-
put. This is because such policies ignore variable state (queue length) information,
while, in fact, such an information is necessary to guarantee rate stability and/or
to minimize average delay. In this paper, we identify a policy, based on maximum
weighted matching and show that such a policy achieves %100 throughput for all
admissible traffic.

1 Introduction

Orthogonal frequency-division multiplexing (OFDM) is a promising technique to pro-
vide multiple access control (MAC) in high-speed wireless applications (e.g. broad-
band wireless, 4G systems, LANs) in a hostile multi-path environment with frequency-
selective fading. OFDM achieves high spectral efficiency in multiuser environment by
dividing the total available bandwidth to narrow sub-bands in an efficient way [1]. This
allows the mobiles to spread their information selectively in order to avoid sub-bands
where (frequency-selective) fading occurs. This results in higher spectral efficiency
since fading usually experienced by different mobiles are statistically independent. In
a single user case, it is known that, to achieve the highest spectral efficiency, the optimal
resource allocation must schedule these sub-carriers with the best SNR.

The problem of optimal real-time subcarrier allocation has been recently studied
([3], [6], [8], [9], [11], [12], [?], [19], [20], [22], [23]). On the other hand, most of
the papers in the literature ([3], [6], [12], [13], [21] and ) differ from our work in
that they all provide solutions to a multi-user water-filling problem achieving Shannon
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capacity under power constraint at each decision epoch (in this paper, we refer to this
as “instantaneous throughput maximization” or “multi-user water filling”).

In this context, the present paper is a part of an on going effort to establish a sys-
tematic approach to a series of throughput-related problems which have recently been
observed ([5], [9]) in OFDM systems. In [5], a subcarrier allocation based solely on
queue lengths for an MPEG-4 video transmission application is studied. It is showed
that a static allocation performs poorly when compared to the queue-length-based al-
location. The authors in [9] propose a subcarrier allocation in an OFDM system with
finite buffer space. They show through simulations that water-filling solutions perform
poorly with respect to a long-run throughput criterion due to buffer overflow.

In this paper, we focus on a long-term average performance, i.e. rate stability rather
than an instantaneous optimization. Through an example, we show that even without
a constraint on buffer sizes, water-filling-based techniques (maximizing the instanta-
neous throughput) perform poorly when considered over a considerably long time in-
terval. As in [7], we argue that maximizing instantaneous throughput (water-filling) is
too myopic, i.e. it fails to take into account the varying state of the system and queue
build-ups. This implies a suboptimal performance with respect to throughput (as well
as delay and total number of packets waiting in the system). We then show that a
simple maximum weighted policy, where weights are queue backlogs, achieves %100
throughput for all admissible traffic.

In [7], we identified an optimal policy where the connectivities can be modeled
by a simple ON/OFF (1-0) state and where all users have the same priority as well
as statistically similar arrivals and connectivity profiles. Such a policy, we showed,
minimizes the total number of packets in the system, hence it not only provides %100
throughput (rate-stability) but also minimizes the delay. When the ON/OFF and/or
symmetry assumption is not valid, the policy that minimizes the delay can be quite
complicated to describe and/or compute, especially when the number of users and sub-
channels grow. In this paper, we instead work with a much simpler policy based on
a maximum weight matching policy. We will show that although this policy does not
minimize the total number of packets or delay, it provides %100 throughput under very
general conditions on arrival and connectivity profiles.

The paper is organized as follows. Section II gives a counter example of how the
instantaneous throughput maximization fails to stabilize a stabilizable system. Section
III provides problem formulation and assumptions of our model. Section IV defines
the maximum weight policy and prove its rate stability. Finally, Section VI concludes
the paper and discusses future studies.

2 Counter Example

In this paper, we assume a pre-determined power allocation. This power level is as-
sumed to vary in order to compensate for the distances between various users and the
base (fixed point). Under such assumption, a user’s channel condition (across sub-
carriers) can be mapped to the number of transmitted packets at each subcarrier as
follows. Using adaptive modulation/coding, the number of packets a subcarrier can
transmit per time slot is expressed as function of SNR [8]. Figure 1 shows such a pro-
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Figure 1: Mapping of a User’s SNR to packet capacity for each subcarrier. The user
can transmit 2, 1, and 0 packets on subcarrier 1, 2, and 3, respectively

cedure for an example. In this example, we assume that there are two transmission
types (modulation/coding) over a subband: the first type requires a certain SNR (SNR
> S1) and transmits one packet per a time-slot; the other transmission type requires a
higher SNR (SNR> S2) and transmits two packets per a time-slot. The figure shows
that the user can transmit 2, 1, and 0 packets on subcarrier 1, 2, and 3, respectively.
As a result we map the channel condition given in Figure 1 to a ”connectivity profile”
(2, 1, 0).

In the following example, we show that, when multiple values of packet transmis-
sion capacity is considered, maximizing instantaneous throughput (water-filling) is not
only not sufficient for optimality but is not even a necessary condition. Consider the
example shown in Figure 2. The initial queue sizes is (0,1). The arrival process and the
channel state process have periodic structures with period of six time slots as shown in
Figure 2(a) and Figure 2(b), respectively. For instance, the multi-level connectivity in
Figure 2(b) shows that during time slot 1 subcarrier 1 can serve two packets from user
1 but only one packet from user 2.
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Figure 2: Example of multiple values of packet transmission capacity showing that
water-filling causes unbounded queue buildups. We assume that the packet arrival
process and the channel connectivity process have periodic structures with period of
six timeslots. (a) Packet arrivals for Users 1 and 2 (b) Multi-level channel connectivity
profile (c) Stabilizing policyπ∗ (d) Maximal Instantaneous Throughput policyπ (e)
Queue occupancies over time: queue lengths for users 1 and 2 underπ, (b1, b2), and
underπ∗, (b∗1, b

∗
2). Under policyπ, queue of user 2(b2) is building up over time.

The policyπ whose subcarrier allocationωij at each time slot is marked by
√

as
shown in Figure 2(d) maximizes the instantaneous throughput every time slot. Figure 2(e)
shows that the queues build up unboundedly under this policy. However, a stabiliz-
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ing policy π∗ whose subcarrier allocationωij at each time slot is marked by
√

in
Figure 2(c) shows that the queue occupanciesb∗ = (b∗1, b

∗
2) is stabilized. This is de-

spite the fact that the instantaneous throughput at timeslot 1 is 3 which is less than
the maximum possible throughput which is 4. In other words, the stabilizing policy in
this example requires sacrificing throughput at time slot one at the interest of a better
long-run throughput performance.

As illustrated by this example, it may be optimal to sacrifice instantaneous through-
put in order to set the state of the system in ”better” (more balanced) state in anticipa-
tion of loss of connectivities in the future. This view of the system, implies that fairness,
as it is achieved in balancing the queues, does not always compromise throughput. In
the rest of the paper, we show that contrary to popular belief (see [], [], []) it is not
the fairness considerations that would justify queue-balancing as a desirable strategy.
We show that when queues grow large, approximations of queue balancing (such as
the max-weight policy discussed here) is the only closed loop control mechanism that
can take full advantage of channel state information to stabilize the system and provide
%100 throughput.

3 Problem Formulation and Assumptions

Notations and Definitions

We consider a single-hop OFDMA system composed of one cell or cluster with one
base station. We assume that there are N users and K sub-carriers.

In this paper, we use arguments to denote the time index, subscripti to denote
specific subcarrier, and subscriptj to denote specific user/queue. For example,wij(n)
denotes the number of packet withdrawals at timen for userj over subcarrieri. We
use small letters without any subscription for deterministic row vectors and capitalized
letters for deterministic matrices. Scripted capitalized letters for space of all possible
vectors or matrices. For example,W is the space of all possible packet withdrawal
matrices.

• b(n) = (b1, . . . , bN ): the row vector of queue occupancies at the beginning of
timen.

• a(n) = (a1, . . . , aN ): the arrival to queueuj during timen.

• C(n) = [cij ]: TheK-by-N channel connectivity matrix or connectivity profile
at timen wherecij denotes the maximum number of packets subcarrieri can
serve from queuej. We also usecj = (cj1, . . . , cjN ) to denote the allocation for
serverj.

• (b(n), C(n)): the state of the system at timen.

• W (n) = [ωij ]: theK-by-N withdrawal matrix (also refered to as server alloca-
tion or assignment) at timen, whereωij ∈ {0, 1} denotes whether subcarrieri
is assigned to serve queuej or not. We also useωj = (ωj1, . . . , ωjN ) to denote
the allocation for serverj.
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Figure 3: Subcarrier Allocation Problem

Assumptions

(A1) The sub-carriers are time-slotted and have fixed and flat fading during a time
slot.

(A2) The set of modulation and coding available to various users are similar and
fixed. For a given channel statecij and a transmission type (choice of mod-
ulation/coding),ωij packets are transmitted by userj over subbandi, with a
maximum ofcij packets.

(A3) If a channel can servecij packets from thejth queue, all of these packets will be
transmitted with probability of success equal to one. In another word, this model
does not capture the loss probability over a wireless channel of good quality
(cij > 0). This assumption is made for notational simplicity and can be relaxed
easily.

(A4) Packets are of equal length. A subcarrier can serve at mostcmax packet per
time slot when used by any users. For example in Figure 3, we havec1 =
(c11, c21, . . . , cK1)T = (3, 0, 0, . . . , 1)T ; this indicates that user 1 can only
transmit on sub-carriers 1 andK and if transmitting on subcarrierK it trans-
mits three packets while on subcarrier 1 it can only sent one packet.

(A5) Each user has an infinite buffer.

(A6) The packet arrival processes{Aj(n), j = 1, 2, . . . , N} to users’ queues up to
time slotn satisfy a strong law of large numbers (SLLN) with probability one,

lim
n→∞

Aj(n)
n

= λj j = 1, 2, . . . , N. (1)

We callλj the arrival rate at queuej andλ as the arrival rate vector.

(A7) The connectivity process{C(n)} describes the connectivity matrix realization
at timen and is assumed to take finitely many matrix values from setΞ. We
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assume that connectivity process is stationary and

Prob{C(n) = Cl} = pl l = 1, 2, . . . , L, (2)

whereΞ = {C1, . . . , CL}.

(A8) At the beginning of each time slot, the centralized resource manager at the base
station uses the perfect information of queue sizes and the connectivity profiles to
make subcarrier allocation for that time slot. Then, the assignment is announced
immediately to all users via a separate control channel.

(A9) We do not allow for the sharing of the servers, i.e. each server can only serve
packets from a single user’s queue at a time (ωij ∈ {0, 1} and

∑
j ωij ≤ 1). In

other words, the transpose matrix,W ′(n), is sub-stochastic.

We believe that allowing for individual and non-identical connectivity profile is
essential in modeling OFDM. The inclusion of individual connectivity profiles in our
model is essential to a reasonable modeling of OFDM systems. This captures the
following phenomena: a subcarrier can have a ”good” channel response for one user
while on the same subcarrier another user may encounter severe channel degradation,
or ”bad” channel.

Definition 1. Any arrival processes satisfying (1) is said to beadmissibleiff there exist
sub-stochastic matricesβ1′, β2′, . . . , βL′ such that

λ =
∑

l

pl1 Cl � βl (3)

where� denote the element-by-element multiplication and1 is a row vector of ones.

Matrix βl, l = 1, 2, . . . , L can be interpreted as the time sharing of servers by users.
Let Dj(n) be the number of departures from queuej up to time slotn. We also

adopt the convention thatDj(0) = 0.

Definition 2. An allocation policy is said to berate stableif, with probability one,

lim
n→∞

Dj(n)
n

= λj j = 1, . . . , N (4)

Problem Formulation

We now formulate an abstract problem that captures essential features of the described
OFDM problem.

Problem (P)

Consider a discrete-time model of N queues (Q1, . . . , QN ) served by K servers (K>
N). At each time, each server can serve one packet from one queue; we allow
for one queue to be served by multiple servers. At each time, a queuej is either
available to be served by a serveri (connected or ON), i.e.cij > 0, or it is not
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available (disconnected or OFF),cij = 0. Allocation of serveri to userj results
in withdrawal ofcij packets. At each time, the connectivities of all queue/server
pairs,cij ], are known for that time. We allow for arrivals at each queue at each
time and arrivals at a given time are assumed to occur after server allocations
at that time. The statistics of arrival and connectivity processes are assumed to
satisfy (A6) and (A7). In addition, the arrival process is admissible. We wish to
determine a rate stable server allocation policyπ.

Prior Work

Our problem formulation is very similar to the problem of transmission scheduling
for wireless and satellite nodes where a limited number of transmitters (servers) or
channels have to be allocated to competing users with varying connectivity ([2], [4],
[10], [18]). This set of papers all deal with conditions on arrival traffic to guarantee the
optimality of various policies with respect to the holding cost, i.e. delay.

The concepts used in this paper are motivated by the study of the switch systems
(see [14] and the references therein).

4 Analysis of Problem (P)

In this section, we identify Maximum Weight (MW) subcarrier allocation policy, as
rate stable. We use fluid flow analysis to establish the optimality of MW allocation.

Definition 3. An allocationω = {ωij} is a feasible allocation iff

• (C1.a)ωij ∈ {0, 1};

• (C1.b)
∑N

j=1 ωij ≤ 1,∀ i = 1, . . . ,K; and

The set of all feasible allocations is denoted byW.

Definition 4. Given a state(b, Cl) and allocationw ∈ W, let theweightunder allo-
cationπ equal

f l
w(n) =< b, 1 Cl � w >

where for two vectorsv andu of the same size,< v, u >=
∑

j ujvj .

Definition 5. Under themaximum weightallocation policy we have

w∗ = arg max
w∈W

f l
w(n). (5)

Let f l(n) = f l
w∗(n) = maxw∈W f l

w(n) be the weight of the maximum weight
allocation at each timen.

Proposition 1. Assume that the state of the system at timen is (b, Cl). For server
i, i = 1, 2, . . . ,K, define userj∗ = j∗(i) to be the user served under the maximum
weight allocation, i.e.w∗ij∗ = 1. Then, we have

j∗(i) = arg max
j

bjc
l
ij .
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Furthermore, this implies thatf l(n) =
∑K

i=1 maxj bjc
l
ij .

Theorem 1 summarizes the main result of our study.

Theorem 1. Consider Problem (P). MW allocation policy is rate stable.

The proof of this theorem requires a lengthy argument. Here we only provide the
structure of the proof. For more details, see the appendix.

4.1 Proof of Theorem 1: Fluid Models

We first write down the equations that describe the dynamics of our system. We then
use these equations to introduce a fluid model equations.

Suppose the switch employs some allocation policyπ. For w ∈ W, let Tπ
w,l(n)

be the cumulative amount of time, up to time slotn, that allocationw has been used
and during which the connectivity profile has beenCl. Again we have the convention
Tπ

w,l(0) = 0. The following are the dynamic equations for the system under policyπ:
for n ≥ 0 andj = 1, 2, . . . , N ,

bj(n) = bj(0) + Aj(n)−Dj(n)

Dj(n)−Dj(n− 1) =
∑

l

pl
∑

w∈W
min(Zj(n),

∑
i

cijwij)
(
Tπ

w,l(n)− Tπ
w,l(n− 1)

)
Tπ

w,l(·) is non-decreasing and
∑

w∈W

(
Tπ

w,l(n)− Tπ
w,l(n− 1)

)
= 1.

It is straight forward to use the above equation and derive the following fluid equa-
tions (see [14] for example). LetTπ

w,l(t) be the cumulative amount of time in[0, t] that

allocation policyπ employed allocationw while the connectivity profile followedCl.
Now for any queuej, time t ≥ 0, the fluid model is:

bj(t) = bj(0) + λjt−Dj(t), (6)

Ḋj(t) =
∑

l

pl

∑
w∈W

Ṫπ
w,l(t)

∑
i

cijwij , if bj(t) > 0, (7)

Tπ
w,l(·) is non-decreasing and

∑
w∈W

Ṫπ
w,l(n) = 1. (8)

Additionally, any allocation policyπ describes howTπ
w,l(t) changes with time.

Let T ∗w,l(t) denoteTπ
w,l(t) when policyπ employs MW allocation at all times. From

Definition 4 we have,

Ṫ ∗w,l(t) = 0 if f l
w(t) < f l(t) (9)

wheref l(·) andfw(·) are defined in Definition 5.

Definition 6. The fluid model of a system is said to beweakly stable under an allocation
policy π if for every fluid model solution withb(0) = 0, b(t) = 0 almost everywhere.
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Fact 1. An allocation policyπ is rate stable if the corresponding fluid model is weakly
stable.

For proof of this fact, see [14].
In the appendix, we use the above fluid flow model and Fact 1 to establish the proof

for Theorem 1.

5 Conclusion and Future Research

In this paper, we showed through a counter example that although water-filling based
subcarrier allocation policies maximize the instantaneous throughput, they in general
fail to provide rate-stability for an otherwise stabilizable OFDMA system. We used
this example to argue that water-filling is too myopic and ignores variable state (queue
length) information. We then proved that a maximum weight allocation provides rate
stability even though it is far from providing maximum instantaneous throughput. On
the other hand, MW allocation is known to bias users with larger arrival rates when the
system is not stabilizable. We hope to use notions of incentives and fairness to properly
address this problem.
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Appendix

In this appendix, we prove main. In light of fact, it suffices to prove that the corre-
sponding fluid model is weakly stable. We first present the following lemma.

Fact 2. Let g : [0,∞) → [0,∞) be an absolutely continuous function withg(0) = 0.
Assume thaṫg(t) ≥ 0 for almost everyt thatg(t) > 0 andg is differentiable att. Then
g(t) = 0.

For the proof, see [14]

A. Proof of Theorem 1

Proof. For every pair of allocationw ∈ W and connectivity realizationC ∈ Ξ define
the row vector

d(C,w) = 1C � w

Using this defintion, equation 7 can be rewritten as

Ḋj(t) =
∑

l

pl

∑
w∈W

Ṫ ∗w,l(t)dj(Cl, w), if bj(t) > 0, (10)

wheredj(Cl, w) is thejth element of vectord(C,w).
Consider non-negative functiony(t) =< b(t), b(t) >. Next we show that for∀t

such thaty(t) > 0 (henceb(t) > 0), we will haveẏ(t) ≤ 0.
Consider

ẏ(t) = < b(t), ḃ(t) >

= < b(t), λ > − < b(t), Ḋ(t) >

=
∑

l

pl

< b(t), 1 Cl � βl > − < b(t),
∑

w∈W
Ṫ ∗w,l(t)d(Cl, w) >


=

∑
l

pl

< b(t), 1 Cl � βl > −
∑

w∈W
Ṫ ∗w,l(t) < b(t), d(Cl, w) >


=

∑
l

pl

< b(t), 1 Cl � βl > −
∑

w∈W
Ṫ ∗w,l(t) < b(t), 1C � w >


=

∑
l

pl

< b(t), 1 Cl � βl > −
∑

w∈W
Ṫ ∗w,l(t)f

l
w(t)
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=
∑

l

pl

< b(t), 1 Cl � βl > −f l(t)
∑

w∈W
Ṫ ∗w,l(t)


=

∑
l

pl
{
< b(t), 1 Cl � βl > −f l(t)

}
=

∑
l

pl

{
< b(t), 1 Cl � βl > −max

w∈W
< b, 1 Cl � w >

}
≤ 0 (11)

where the seventh and eighth equalities result from Eqn. (9) and Eqn. (8). The inequal-
ity above holds because of the following fact.

Fact 3. Letg be a linear functional on the space of allK×N stochastic matrices. For
everyK ×N stochastic matrixA, we have

g(A) ≤ max
w∈W

g(w),

whereW is defined in Definiton 3.

Briefly, this is because the space of allK stochastic matrices form a convex set
whose set of extreme points is exactlyW.

Now given the state(b, C), define the linear functiong(A) =< b, 1 C � A >.
Using the above fact, we, now, obtain the inequality in Eqn. (11).
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