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Abstract

We provide an in-depth description of virtual evidence and its application to Bayesian networks. As we will see,
virtual evidence significantly extends the power of Bayesian networks, and makes them much more widely applicable.
It does this by giving Bayesian networks the ability to represent aspects from both directed and undirected graphical
models. We describe how both evidence and virtual evidence can be seen as having the evidence nodes in the Bayesian
network possess virtual children who are always observed tohave value unity, and where the conditional probability
table of these children imbue their parents either with a single value (hard evidence) or with a collection of values
(soft evidenced), the latter case allowing each such value possessing a weight which gets applied to the probability
score. This soft evidence is seen as a straightforward generalization of evidence, where the soft evidence phenomena
is interpreted as information provided from outside the context of the process modeled by the Bayesian network (or
alternatively, as an extension to the event space that is partitioned normally by the collection of random variables in
the Bayesian network). We discuss Pearl’s example of soft evidence, interpret hybrid ANN/HMM (artificial-neural
network/hidden Markov model) systems as soft evidence, andconclude that while the form of soft evidence depends
only on ratios of scores and not on the scores’ absolute values, the actual score values may be obtained from any
information source so desired. We find that some informationsources, however, might be more intuitively justifiable
than others.

1 Introduction

The use of probability to describe a physical process means that one acknowledges the uncertainty about that process.
That uncertainty may be inherent to the process itself (i.e., the process is truly random) or it may instead stem from
the lack of complete knowledge of that process. Whatever thereason, probability is only one possible representation
of uncertainty that is available, but it is one that is backedup by a rigorous mathematical theory, something that may
partially explain probability’s appeal.

Probability distributions convey uncertainty about a set of events relevant to the process, but as new knowledge
comes in regarding that process, how is one to integrate thatinformation so as to form a new probabilistic model?
New information is often termed “evidence”, and when we havea probability distribution we often discover that, say,
X = 3. Given such a probability distribution over a set of random variables, how should that probability distribution
be updated when information about some of those random variables becomes available? This begets further questions
such as, in what form does this information arrive? Might theinformation be a statement of certitude about certain
random variables (X = 3), and if so what should that certitude imply about the rest ofthe random variables in the
distribution.

More interestingly, the information about the process itself contain uncertainty, and only express preferences
among certain values of some of the random variables. For example, we discover that eitherX = 2 or X = 3 but
X 6= 1 andX 6= 0. We may furthermore discover that there are certain numericpreferences over the two possibilities
X = 2 andX = 3.

This has been the topic of belief updating, where we have someinitial belief (represented by a probability distribu-
tion) and as evidence comes in, that belief is updated in someway [11]. We do not wish herein to require any cultural
or cognitive notion of what “belief” might mean, and therefore we avoid using this term when possible, using instead
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only the more generic term “probability”, and we analyze rules for its updating when presented with different forms
of evidence.

The predominant form of probability updating that has been in use today has been Bayes’ rule. I.e., if we have
a distributionp(x, y) this imparts a marginal probability overx asp(x) =

∑

y p(x, y). If we discover thatY = 2,

then this changes our belief inx to p(x|Y = 1) = p(x)p(Y =1|x)
p(Y =1) . In other words, the update factor applied top(x) is

p(Y = 1|x)/p(Y = 1).
What if there is only uncertain information about the event expressed via variableY ? I.e., for each value of

Y , we only have some numeric expression regarding how certainwe are for each. How should this uncertainty
be represented? If the event isY = y, should the uncertainty be represented as a distribution over Y = y as in
P (Y = x), in such case, shouldn’t the joint distribution overp(X, Y ) thus thereafter say that the resulting marginals
always should correspond to that uncertainty? Are there other notions of uncertainty about an event, one that doesn’t
require so rigid an evaluation as this? These are the questions we attempt to answer.

In Pearl’s classic text [11], he defines the notion of virtualevidence and virtual children. Virtual evidence is defined
as a generalization of standard evidence in Bayesian networks. This simple construct provides a significant increase
in the power and representational capabilities of Bayesiannetworks, and solves some of the questions above quite
naturally. We define and give an interpretation to such evidence generalizations and uncertainty over evidence, and
see how this has been applied. We will see that many statistical models can be described in the Bayesian network
framework only with the use of evidence generalization.

2 Notation

We use a matlab-like notation1 : N to denote the set of integers{1, 2, . . . , N}. A set ofN random variables (RVs) is
denoted asX1:N . We sometimes useU ≡ 1 : N to denote the universe of all possible variables. The word “universe”
is used deliberately to mean thatX1:N = XU consists of all of the variables in some underlying physicalprocess that
is being modeled by a Bayesian network’s corresponding probability distribution. We will useX ≡ X1:N ≡ XU .
Given any index subsetS ⊆ 1 : N (alternativelyS ⊆ U ), whereS = {s1, s2, . . . , s|S|}, the corresponding subset of
random variables is denotedXS = {Xs1 , Xs2 , . . . , Xs|S|

. In general, we use upper case letters such asA, B, S, U ,
refer to index sets.

Upper case letters, such asW , X , Y , andZ, refer to random variables and lower case letters (w, x, y, andz) their
values. We may refer topX(X = x) aspX(X = x) = p(X = x) = p(x) meaning the probability that the (vector)
RV X is equal to the (vector) valuex. Each random variable can take one of a set of values. We herein are primarily
going to refer to discrete RVs for simplicity. While we will discuss observed continuous random variables, hidden
continuous random variables require more notational machinery (Lebesgue integration) but are otherwise similar.

The set of values that a RVXi may take on (sometimes referred to asXi’s domain) is denotedDXi
. The size of

the setDXi
(denoted|DXi

|) is referred to thecardinalityof the setDXi
and we therefore also impart a “cardinality”

to the random variableXi. We may therefore also refer to the set of values that a vectorRV XS may take on as
DXS

= DXs1
× DXs2

. . .DXs|S|
, which is the Cartesian product of the individual setsDXi

, i ∈ S. Therefore, we
have thatxS ∈ DXS

. Note also thatDXU
= DX is the set of all possible values of the entire universeXU of random

variables.
It is always possible to compute the marginal distribution over any set of variables. I.e.,

p(xS) =
∑

xU\S

p(xU )

By this equation, the sum means that we sum over all values of all variables in the universe other than the variables
XS . We use the notationU \ S, which means all the members of the setU except for those inS. U \ S can be read
“U except for S”, “S removed from U”, or even simply “U minus S.”

Theeventthat the set of all RVs has a specific value is denoted as{X1:N = x1:N} or alternatively,{XU = xU}.
Such an event is one where the entire universe of variables isseen to have a set of values,xi, for i ∈ U . The probability
of the event that a subset of random variablesXS is a particular valuexS is pXS

(XS = xS) = p(xs) for anyS ⊆ U .
A probability measure space is(Ω, F, P ) whereΩ is an arbitrary set of pointsω ∈ Ω, F is aσ-field of measurable

subsets ofΩ (i.e., a set of subsets ofΩ that are measurable), andP is a probability measure [2]. We will use symbols
such asη, ν ∈ F for measurable events.

UWEETR-2004-0016 2



A random variable is defined as a function on a sample space. I.e., a random variable maps measurable events
to numeric quantities, therefore we can say thatp(XU = xu) = P ({ω : XU (ω) = xu}). When we have defined a
universe of random variablesXU , we are saying that we have partitioned the spaceΩ into measurable events of the
form XU = xu, and from the perspective of the underlying measureP , it is only via this partitionp(XU = xu) that
we have all knowledge about the underlying measureP , although there can of course exist multiple measures that lead
to the same probability distribution, since the partitionXU = xu need not be the most fine grained.

2.1 Bayesian Networks

A Bayesian network (BN) [11, 13, 7, 8] is one type of graphicalmodel [10] where a probability distribution over a set
of variableX1:N factorizes with respect to a directed acyclic graph (DAG) inthe following way:

p(x1:N ) =
∏

i

p(xi|xπi
)

whereπi are the set of parents, according to a given BN, of variablexi. This is called the directed factorization property
(called property(DF) in [10]). There are many other (provably equivalent) characterizations of BNs (e.g., d-separation
[11, 10]), but this one (DF) suffices for this paper. By a BN, werefer to all distributions that validly factorize with
respect to the graph of the BN. A distribution represented bya BN might have more factorization properties than is
implied by the BN, but it must not have fewer factorization properties. I.e., if the BN says thatX1 is independent of
X2 givenX3, then this is true all distributions that factorize w.r.t. the BN. The factorsp(xi|xπi

) in a BN are often
calledconditional probability functions(or CPFs), or conditional probability tables (CPTs).

A random variableXi is called aconstant random variableif it is the case thatp(Xi = a) = 1 for somex ∈ DXi
.

If it is the case thatp(Xi = x1) > 0 andp(Xi = x2) > 0 for somex1 6= x2, then the variableXi is not constant and
is a true “random” variable. If it is the case thatp(xi|xπi

) > 0 for all xi ∈ DXi
andxπi

∈ DXπi
then we say that the

conditional probability tablep(xi|xπi
) is dense— we use the word dense since if the table was stored exactly, then

all entries would be non-zero. Ifp(xi|xπi
) = 0 for some (but not all)xi ∈ DXi

andxπi
∈ DXπi

then we say that the
conditional probability tablep(xi|xπi

) is sparse— we use the word sparse since the CPT table could be represented
as a sparse matrix. If it is the case thatp(xi|xπi

) = δ(xi, f(xπi
)) for a particular deterministic functionf : xπi

→ xi,
then we say that the conditional probability table isdeterministic.

2.2 Traditional Evidence and Zero Probability Events

It is often the case that some subset of the variables with index setE ⊆ 1 : N are “evidence nodes” [11, 7] or
equivalently are said to be “observed” (or be afinding), meaning that we actually know the values of those random
variables. This means that by some process, evidence has arrived, and as part of that evidence we are certain about the
values of those random variables.

The evidence set can be denoted asXE = x̄E or simply justx̄E . All other variables in the network we presumably
do not know, and are referred to ashiddenor unobservedvariables.

Once we have received evidence, the question becomes what does it mean? I.e., how should we interpret the fact
that we have discovered thatXE = x̄E and how should that influence the probabilities of the remaining variables.

2.2.1 Evidence as a sample from a statistical process

A typical way to interpret evidence is that it is a partial sample of a draw from the underlying probability distribution.
I.e., a complete sample has occurred, but it is not fully specified. For example, we might have a data set{x

(i)
E }N

i=1 of

sizeN , where eachx(i)
E consists of values only of the variables inE ⊆ U . For eachi, some of the variables’ values

are missing or have not been given. This means that for eachi, x(i) ∼ p(X), so a complete sample has occurred, but
some of the variables of that sampleXU \E are unavailable. The subset of variable values that we have been given for
each sample is the evidence under that sample. The other random variables, the ones which are not revealed orXU\E ,
are hidden variables, relative to the current sample. A different sample might reveal a different subset, so the evidence
and hidden random variables could be different from sample to sample. In practice, however, it is common in such a
data set for one fixed set of random variables to consistentlybe revealed for all samples (exceptions to this, see the
semi-supervised learning and co-training literature, google search Jerry Zhu’s semi-supervised learning overview).

UWEETR-2004-0016 3



Note, under this interpretation evidence, it does not mean that the event has probability one. I.e., if we happen to
receive evidence thatXE = x̄E , that doesnot mean thatP (XE = x̄E) = 1. Rather, in this interpretation, we have
that

p(XE = x̄E) =
∑

xU\E

p(xU\E , x̄E)

meaning that we need to marginalize away all other non-evidence random variables to discover the probability of the
event.

It might even be the case that we find out thatXE = x̄E , but also thatP (XE = x̄E) = 0, meaning that the event
XE = x̄E is the impossible event (i.e., an event that receives zero probability). While a zero probability event might
seem like something that would never occur (and therefore that you would never encounter or need to worry about),
in practice, zero probability events might occur in a numberof real-world circumstances. The key reason is that the
evidence might not come from a sample of the Bayesian network’s distribution itself, rather it comes from some other
external information source relative to the BN distribution. This might happen in a number of ways.

First, we must realize that a BN may only be an approximate representation of some underlying true process. By
modeling that process stochastically, we are essentially saying that either there is some inherent uncertainty about or
within the underlying physical phenomena, or alternatively that there is some peculiarity within the process (e.g., noise)
that we wish not, need not, or can not model in a detailed way. We resort to treating that peculiarity as randomness.
If there was a true random process in the physical world that we wished to model, such a BN representation might
or might not correspond to that truth. A zero probability event, therefore, might occur if there is an inaccuracy in the
model specification — i.e., a given BN model might lead to the case where we happen to observe something that the
model, as it is specified, says will not happen with non-zero probability.

There are a number of reasons why such an inaccuracy might arise: 1) there might be insufficient information
about the true model in training data, or the training set size might be small, and regularization alone might not be
enough to remove zero probability events; 2) even when thereis plenty of training data, the training data and test data
distributions might not be the same (often training and testing environments are different); 3) many parameter learning
procedures are iterative, and when in the process of learning the parameters, we will not have yet produced an accurate
model – a zero probability event would mean that the parameters have not yet been properly learned; 4) there might
be a bug in the specification of the model (i.e., there might bebug when using a toolkit to specify a model); and 5) the
BN might utilize concise sparse representations of CPTs where low probability events are floored to zero probability
— this can reduce the memory needed to store a model, but mightlead to zero probability events. In any case, when
this happens the model is said to “score” the evidence with zero probability.

A second reason a zero-probability event might occur follows: during the computation of probabilistic quantities
(discussed in more detail below), we might temporarily encounter assignments to random variables (that are set,
say, during a summation or search operation) which end up having zero probability (see Section 3.1). These have
been refereed to “no-goods” in the constraint-satisfaction and SAT literatures [5]. For example, given a probability
distributionp(X1, X2) over two variablesX1 andX2, we might wish to perform the sum:

p(x1) =
∑

x2

p(x1, x2)

It might be the case that for some particular value pairx̄1 ∈ DX1 , x̄2 ∈ DX2 , we have thatp(x̄1, x̄2) = 0. Mathe-
matically, these zero probability events are summed together and, of course, have no effect on the result. But we have
encountered zero probability events along the way. If thereare many of these zero probability events, summing them
naively as implied above is quite wasteful.

Therefore we must be ready to observe events that the BN says are impossible. It might be said that the evidence
is obtained separately from any information or knowledge that is contained in the current BN itself. That is, evidence
might be seen as coming from an information source completely outside of the current network itself — for example,
during parameter learning, the training data does not matchthe distribution expressed by current parameter assign-
ments, and might never match unless both there is sufficient training data and within the model family spanned by the
parameter space lies the true model (e.g., the conditions under which maximum likelihood estimation can yield truth).
This idea will be useful when we further discuss evidence uncertainty below.

UWEETR-2004-0016 4



2.2.2 Evidence as probability revision

A second form of evidence incorporation says that the probability of the event itself needs to be revised. In this form,
we might find outXE = x̄E but here we must update the probability model so thatp(XE = x̄E) = 1. I.e., the
distributionp(XU ) needs to be revised top′(XU ) so that underp′ it agrees with that prescribed event probability. One
way to do this is as follows:

p′(xU ) = p(xU\E |xE)δ(xE , x̄E) = p(xU )
δ(xE , x̄E)

p(xE)

whereδ(xE , x̄E) is one only ifxE = x̄E and is otherwise zero (see Section 3).
Evidence as a probability revision arises from somewhere outside of the current representation. That is, the finding

XE = x̄E does not necessarily have anything to do with the current distribution (or its underlying measure). Like in
the previous section, a BN and its probability distributionis only a approximate representation of reality, and it assigns
probabilities to all possible (zero or non-zero probability) events that can occur in this realityxU . Unlike the previous
section, here the evidence can’t really be thought of a draw from any probability distribution. Rather, evidence is a
specific statement about how the probabilities of a particular event needs to be revised, i.e., so thatXE becomes a
constant random variable.

The difference between this form of evidence, and that described in Section 2.2.1 is that here, evidence directly
specifies information about the probabilities of some subset of random variables. I.e., the evidence is a direct statement
made about the model itself (that we should revise our model so thatp(x̄E) = 1 andp(XE 6= x̄E) = 0). Once we
discover this piece of evidence, our probability model should be so adjusted so as to makex̄E occur with certainty.

In Section 2.2.1, however, the evidence has made a statementnot about the probabilities but only about the out-
comes of a set of random variables. We discover thatXE = x̄E . If it is the case that we receive a data set in which for
each sample we have such evidence, it is possible to combine this together to adjust the model (as in any parameter
adjustment method such as maximum-likelihood, or some other optimization procedure used as a form of machine
learning). But the evidence itself does not dictate how the model probabilities should be updated.

2.3 Probability of evidence

Next, we introduce three frequently needed calculations including: 1) computing the probability of the evidence (this
section); 2) computing (posterior) probabilities of the hidden variables given any evidence; and 3) finding the most
likely assignment of (all or a subset of) the hidden variables in a conditional distribution (conditioning on the evidence).
In all three cases, we assume evidence of the form described in Section 2.2.1, returning to Section 2.2.2 a bit later.

To compute the probability of the evidence, we simply sum outover all hidden variables and compute:

p(x̄E) =
∑

xU\E

p(xU\E , x̄E)

If we setH = U \ E, then this notation really means:

p(x̄E) =
∑

xH1∈DXH1

∑

xH2∈DXH2

. . .
∑

xH|H|
∈DXH|H|

p(xU\E , x̄E)

Clearly, this computation if done naively would require a cost of O(|DXU\E |) operations (exponential in the size
of U \E), so the goal would be to use the fact thatp(xU\E , x̄E) factorizes with respect to a BN, and then distribute (as
auspiciously as possible) the sums into the products to minimize computation. This is precisely what theelimination
algorithm [7] does (sometimes called variable elimination, bucket elimination, and so on). Finding the best way
to do this is an NP-hard problem. It is also the case that a portion of the junction tree, that involves moralizing and
triangulating the graph, essentially does the equivalent of performing this summation in (hopefully) as computationally
cheap a way as possible. In this discussion, however, we do not need get into into the details of probabilistic inference
to understand virtual evidence. For now, just assume that probabilistic inference is, as mentioned above, an appropriate
distribution of the sums into products of factors to minimize computation.

UWEETR-2004-0016 5



2.4 Posterior Probabilities

Second, we might want to calculate the posterior probability of some subset of variables given some other (evidence)
subset. SupposeE ⊆ U is a set of variables that we have evidence for. We might very well be interested in the
conditional probabilityp(xS |x̄E) whereS ∩ E = ∅. As mentioned above one way of viewing this problem is that of
probability (or belief) revision. I.e., the BN has an initial set of beliefs over the set of possible valuesDXS

of the set
random variablesXS , and the belief inxS ∈ DXS

is calculated asp(xS) =
∑

xU\S
p(xS , xU\S). Once evidence is

introduced, we wish to revise the beliefs in eachxS ∈ DXS
. A standard way of doing this would be to use Bayes rule,

given the posterior beliefp(xS |x̄E) as above.
If it is the case thatS ∪ E = U , then this means that we must compute the|DXS

| sized conditional probability
table (CPT)

p(xS |x̄E) =
p(xS , x̄E)

p(x̄E)
=

p(xS , x̄E)
∑

xS
p(xS , x̄E)

If on the other hand it is the case thatS ∪ E ⊂ U , then we have a partition ofU into S, E, andH , whereH =
U \ {S ∪ E}, and we must calculate

p(xS |x̄E) =

∑

xH
p(xS , xH , x̄E)

p(x̄E)
=

∑

xH
p(xS , xH , x̄E)

∑

xS

∑

xH
p(xS , xH , x̄E)

.

Again, note thatxU ≡ {xS , xH , xE}. We are often interested in quantities such as

p(xi|x̄E) =

∑

xU\({i}∪E)
p(xU\E , x̄E)

p(x̄E)

for all i ∈ {U \ E}. This is the same as above whereS = {i} for all i ∈ U \ E (soS contains one element and
takes turn being all variables in the graph). More generallystill, we may partitionS into S = (S1, S2, . . . , Sk), and
then computep(xSi

|x̄E) for i ∈ {1, . . . , k}. This would be needed, for example, in order to perform EM or gradient
training of the parameters in the network.

Note that general probabilistic inference (i.e., Pearl’s belief propagation [11], the sum-product algorithm [1], the
junction tree algorithm, Hugin propagation [7], the Shenoy-Shafer algorithm, the generalized distributed law under
sum-product, SPI, and so on) are all similar algorithms to compute this quantity exactly. Note that these algorithms (all
exact inference methods) all require some form of graph moralization, triangulation, formulation of a junction tree, and
sending messages, even if the algorithms do not do this explicitly. It is not necessary to understand these ideas in the
context of this discussion on soft evidence. What is important is to realize that these algorithms all correspond to clever
ways of distributing the sums into the product of the joint distributionp(xU ) =

∏

p(xi|xπi
) factored appropriately

according to the BN DAG. Some of the algorithms use dynamic programing to re-use some of these factorizations
and partial computations. I.e., they reduce computation since for differenti values, it is possible to re-use the fact that
many of the sums have already been performed (i.e., distributed into products of factors). The NP-complete problem
here is to find the optimal way to distribute the sums inside the set of factors.

2.5 Most likely (Viterbi) values

Third, it is often necessary to find:

x∗
S = argmax

xS

p(xS |x̄E) = argmax
xS

p(xS , x̄E)

where it is the case thatS ∪E = U . Again, we factorp(xS , x̄E) according to the BN, and then distribute the separate
“max” operations into the factors as far to to the right as possible (and optimally), in order to get an answer. The
optimal way to do this is identical to the optimal way to distribute the sums in the case when we wish to compute
p(x̄E). The algorithm is sometimes called the max-product algorithm (and corresponds to the Viterbi algorithm in
HMMs). Here, however, we are distributing “max” operationsrather than sums. Again, this is an NP-hard problem,
and again the details of how the best way to do this are not necessary to understand virtual evidence.

UWEETR-2004-0016 6



3 Evidence as Smart Sums

In the preceding section, we gave the evidence a different name. Specifically, evidence was set asXE = x̄E for some
subsetE ⊆ U .

When we consider the three operations in the preceding section, (where we are using sums and or max operations),
we can treat the evidence simply as the application of a deltafunction within the full summation. For example, we
have that:

p(x̄i) =
∑

xi

p(xi)δ(xi, x̄i)

where

δ(xi, x̄i) =

{

1 xi = x̄i

0 else

is the Dirac delta function. Similarly

p(x̄i, x̄j) =
∑

xi,xj

p(xi, xj)δ(xi, x̄i)δ(xj , x̄j)

or generally:
p(x̄S) =

∑

xS

p(xS)δ(xS , x̄S)

where
δ(xS , x̄S)

∆
=
∏

k∈S

δ(xk, x̄k)

In some sense, we can bring the delta functions into the sums,so that the sums themselves know about the evidence.
If we denote such a “smart sum” for variablexi with evidencēxi as

x̄i
∑

xi

f(xi)
∆
=
∑

xi

f(xi)δ(xi, x̄i)

or more generally, for evidencēxE , we have

x̄E
∑

xU

f(xU )
∆
=

∑

xU∈DXU

f(xU )δ(xE , x̄E) =
∑

xU∈DXU

f(xU\E , xE)δ(xE , x̄E) =
∑

xU\E∈DXU\E

f(xU\E , x̄E)

In the left sum, we are essentially summing over all possiblevalues of all variablesDXU
and the ones that do not meet

the condition that the subsetxE = x̄E are annihilated by the delta. On the right most sum, we are only summing over
the residual, i.e., the variables that remain free to vary and are not guaranteed to produce a zero value if they don’t
agree with the evidence.

Of course, one would never implement evidence in this fashion (since it would unnecessarily accumulate multiple
zeros), but notationally it is very convenient as all evidence can be treated like hidden nodes with the use of smart
sums.

When considering the three problems we mentioned above, it turns out that receiving evidence for a set of random
variables is equivalent to using a delta function (or smart summation) with respect to the evidence values. In other
words, evidence, in the context of the three problems, can beseen as in some sense an external application of a delta
function that annihilates the probability score of all random variable values that to not correspond to the received
evidence. Lets now look at each of the three problems in this light.

3.1 Computing the probability of evidence

The probability of evidence can now be written in a number of ways, such as:

p(x̄E) =
∑

xU

p(xU )δ(xE , x̄E) =
∑

xU

p(xU )
∏

i∈E

δ(xi, x̄i) =
x̄E
∑

xU

p(xU )

UWEETR-2004-0016 7



Xi

... ...

... ...

Vi = 1

Xi

... ...

... ...

Figure 1: Simple Virtual Evidence. On the left, vertexXi is connected to the rest of the BN and is in this case hidden.
On the right, vertexXi has one additional single childVi, where it is the case thatVi = 1 is always true. The child
is not connected to any other vertex in the network. The CPTp(Vi = 1|Xi = x) = δ(x, x̄), wherex̄ is the desired
observed value. This construct is therefore a Bayesian network way of expressing evidence in exactly the same way
as was done using delta functions in Section 3.

We see here that any values of variables that do not agree withthe evidence are annihilated by the delta function.
But for the purposes of computingp(x̄E) it doesn’t matter mathematically if we either: 1) sum over all variable values
DXU

annihilating the ones that do not match the evidence, or 2) sum over only the non-evidence variables keeping the
evidence variables fixed in the formula. Of course computationally, it would be better to not sum together many zero
values, but again that is beyond the scope of this discussion.

3.2 Computing the posterior probability of a set of vars

Computing the posteriorp(xS |x̄E) whereS ⊆ (U \ E) andH = U \ (E ∪ S) can also be easily written in this form:

p(xS |x̄E) =
p(xS , x̄E)

p(x̄E)
=

∑

xH
p(xS , xH , x̄E)

∑

xH ,xS
p(xH , xS , x̄E)

=

∑

xH ,xE
p(xS , xH , xE)δ(xE , x̄E)

∑

xH ,xE,xS
p(xH , xS , xE)δ(xE , x̄E)

=

x̄E
∑

xH

p(xS , xH , xE)

x̄E
∑

xH ,xS

p(xH , xS , xE)
=

x̄E
∑

xH

p(xU )

x̄E
∑

xH ,xS

p(xU )

3.3 Computing the maximum

Again, the same thing occurs, but we essentially substitutea max for a sum[1] (and we could define a smart max if we
wished)

x∗
S = argmax

xS

p(xS , x̄E) = argmax
xS

max
xE

p(xS , xE)δ(xE , x̄E)

4 Evidence as virtual children in the graph

Now that we see how it is possible to represent evidence usingdelta functions and/or smart sums, in this section we’ll
see another equivalent way in which evidence may be treated.In this way, the evidence nodes, rather than being
“observed”, are still considered hidden. Each of “hidden evidence” nodes, however have an additional singlevirtual
observed childthat constrains the hidden evidence node to take on a value with non-zero probability only equal to the
evidence for that node. The virtual observed child is indeedobserved to have a particular value, but the actual value
itself doesn’t matter. This is because the virtual child’s CPT will do essentially what the delta function of the previous
section did, meaning the CPT will be deterministic.

In particular, consider computingp(x̄i). In the last section, we said we could do this as:

p(x̄i) =
∑

xi

p(xi)δ(xi, x̄i)

Now suppose that the random variableXi had an extra single childVi 6∈ XU , and thatVi is connected to no other
node in the BN other than its parentXi. Suppose also that it was always the case thatVi = 1. This does not mean that
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p(Vi = 1) = 1 (i.e., we are not saying thatVi is a constant RV). In other words, it does not mean that the BN that we
are using would be such that it would designate the event{Vi = 1} as certain, where the event probability is:

p(Vi = 1) =
∑

xU

p(xU , Vi = 1)

Rather the virtual child evidenceVi = 1 means that we just happen to observed states of reality in theexpanded
set of variables (i.e., events overXU and any virtual children) that only correspond to the cases where theVi variable
has value1. We only observed events whereVi = 1.

The question is, how should we see this model in the context ofthe generative model interpretation that is easy
with Bayesian networks.

One way is to think of this as essentially throwing away, ignoring, or filtering out any events for whichVi 6= 1.
Ignoring them does not mean they do not happen, but they essentially happen externally to any processing we do,
or any consideration of the BN that we use. We consider this asa filtering procedure, where where we sample from
p(xU , Vi) which includes both the cases whereVi = 0 andVi = 1 (assumingDVi

= {0, 1}is binary), and then a
filtering process removes all samples whereVi = 0 and then passes the surviving samples on to later processing. The
only events considered are those whereVi = 1 (so any sum, we are essentially always multiplying by a deltafunction
of the formδ(vi, 1).

We stated above thatVi 6∈ XU . This means that the variableVi is not contained in the universe of variables
comprising our BN, and does not represent a variable that we assume exists within the physical process that we are
using the BN to represent. Rather,Vi is a “virtual child”, and it is in the BN only to the extent thatit allows us to
mathematically model the notion of evidence, and the fact that a finding comes from a source outside the information
contained within a BN. Specifically, a virtual child is thereonly for the purposes of constraining its sole parent to be,
with non-zero probability, only the given evidence value.

4.0.1 Evidence in the probability sample space

We can also view this relative to the underlying sample space(Ω, F, P ). The original set of random variables partition
Ω into measurable subsets

ΩxA
= {ω : XA(ω) = xA}

for eachxA ∈ DXA
and for∅ ⊂ A ⊆ U , whereΩxU

∈ F. We have that:

FX
∆
=

⋃

∅⊂A⊆U

⋃

ΩxA
:xA∈DXA

{ΩxA
} ⊆ F

meaning that there may be more events inF that the random variable partitioning does not overlap with. Suppose there
was an eventη ∈ F \ FX that had a conditional relationship with some partitioning{ExE

} of Ω, i.e.,
⋃

xE∈DXE

ExE
= Ω

and where a givenExE
corresponds to the eventXE = xE . The conditioning relationship would be specified as:

p(η|ExE
)

and if we identify this extra virtual variableV = 1 with the eventη occurring, we have the conditional probability
distribution:

p(η|ExE
) = p(V = 1|XE = xE)

Therefore, these extra virtual childrenV that we use in the BN merely correspond to probabilistic events in the
underlying event space that may not have been designated by theΩ partition induced by the set of random variables
XU . This is what we mean when we add an additional variableV that lies not in the universeXU

On the other hand, it would normally be the case that the eventVi = 1 would not preclude (with zero probability)
other events in the network as would be needed for a regular evidence event of the formXE = x̄E (but see Section 5).
We need this extra evidence to ensure that only the eventXE = x̄E may occur, and this can be done via the CPT
p(vi|xi). Specifically, we set

p(η|ExE
) = p(V = 1|XE = xE) = δ(xE , x̄E).
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In this case, the eventη corresponds precisely to{V = 1}, an event already inFX . Specifically, we have that
η ≡ {V = 1} ≡ {ω ∈ Ω : XE(w) = x̄E} ≡ {XE = x̄E} so thatη ∈ FX .

When each variableXi : i ∈ E has its own virtual childVi, we forceVi’s parentXi to be a particular value again
using a delta function:

p(Vi = 1|Xi = xi) = δ(xi, x̄i).

OnceVi = 1 is observed, the only event that explains or allows this is the eventXi = x̄i. The CPT needs only a
partial specification, however, becausep(vi|xi) is never fully used — values in the CPT corresponding only to the
caseVi = 1 are needed (since we always observeVi = 1). In other words, we needp(vi|xi) to be deterministic
whenvi = 1, but it can be anything forvi 6= 1. For example, we have havep(Vi = 1|Xi = xi) = δ(xi, x̄i) but
p(Vi = j|Xi = xi) for j 6= 1 can otherwise be arbitrary.

With the above CPT, the computation ofp(x̄i), can be performed as follows:

p(x̄i) = p(Vi = 1, x̄i) =
∑

xi,vi

p(vi|xi)p(xi)δ(vi, 1) =
∑

xi

p(Vi = 1|xi)p(xi) =
∑

xi

δ(xi, x̄i)p(xi)

as before.
We see that the full distributionp(Vi = vi, Xi = xi) is not needed since many of the values are never used. As we

will see below, all that is really needed are the ratios of likelihoods.

4.1 Evidence scores other than unity

There is nothing special about the value of unity in the previous section. In fact, we could just as easily have defined
the CPT forVi to be the following:

p(Vi = 1|Xi = xi) = αδ(xi, x̄i).

whereα > 0. In other words, rather than multiplying the probability ofassignments ofXU by zero and one, we
multiply by zero andα. Even whenα 6= 1, this has only a very trivial (or even no effect) on the three quantities we
are interested in (e.g., it does not indicate strength of evidence). Note that this will be true even ifα > 1 so that it no
longer can be interpreted as a probability (see Section 5).

In the following, we will assume that each evidence nodeXi, i ∈ E is hidden but has a corresponding virtual child
Vi, i ∈ E where each virtual child is observed to always have valueVi = 1, and where eachVi CPT implementation
has partial specification:

p(Vi = 1|Xi = xi) = αiδ(xi, x̄i) for eachi ∈ E

for some fixed set of values̄xE . Also, define:
α =

∏

i∈E

αi

We may now extend the filtering idea from above to this case. Ifwe encounter a set of assignments of the random
variablesXU = xu we multiply the probability of that assignment byα if xE = x̄E , and multiply the probability of
the assignment by zero otherwise.

4.1.1 Probability of Evidence

To compute the probability of evidence, we perform:

p(x̄E) =
∑

xU

p(xU )
∏

i∈E

αiδ(xi, x̄i) =
∑

xU

p(xU )αδ(xE , x̄E)

So we see that the probability of evidence here is justα times the evidence probability computed in Section 3.1 and
Section 2.3. It is important to realize that for all possiblevalues ofx̄E ∈ DXE

, the constantα is the same (i.e.,α
doesn’t change with the values of the vector random variableXE).
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4.1.2 Posterior Probability

The posterior probabilities, it turns out, are identical regardless of the value ofα, as long asα 6= 0. Using the same
notation as in Section 3.2, we have

p(xS |x̄E) =
p(xS , x̄E)

p(x̄E)
=

∑

xH ,xE
p(xS , xH , xE)αδ(xE , x̄E)

∑

xH ,xE ,xS
p(xH , xS , xE)αδ(xE , x̄E)

=

∑

xH ,xE
p(xS , xH , xE)δ(xE , x̄E)

∑

xH ,xE,xS
p(xH , xS , xE)δ(xE , x̄E)

which is exactly the same value given in Section 3.2. In otherwords, we note thatα has absolutely no effect on the
posterior probability sinceα cancels out in the numerator and denominator. Therefore, wecan’t really interpretα
(or its constituentαi values) as a form of strength of evidence at all. The absolutevalue ofα (as long asα 6= 0) is
irrelevant. Since there is no reason to haveαi < 0, we will assume thatαi > 0 for eachi.

4.1.3 Most likely assignments

The set of most likely assignments are also not affected byαi, as long asαi > 0 for all i ∈ E (so thatα > 0). We
have:

x∗
S = argmax

xS

p(xS , x̄E) = argmax
xS

max
xE

p(xS , xE)αδ(xE , x̄E) = argmax
xS

max
xE

p(xS , xE)δ(xE , x̄E)

5 Generalization of Evidence, Uncertain Evidence, and Virtual Evidence

We now address uncertain evidence. There are several forms of uncertain evidence which relate mostly to how numeric
scores are associated with different alternate evidence hypotheses [12]. In this section, we describe what has been
calledvirtual or intangibleevidence [11, 12].

The evidence in Section 4.1 will henceforth referred to ashard evidence. Recall that the evidence may come from
some process external to the current distribution represented by the Bayesian network, and the evidence values in some
sense might not at all be associated with the particular current parameter values of the CPTs in the original Bayesian
network (i.e., the one without the virtual children defined in Section 4). This process might be an eventη that was not
part of the original sample space partition. The effect is that the probability of every variable assignmentXU = xU is
multiplied by eitherα or zero depending on ifxU agrees with̄xE . When we consider the pair of values(α, 0) where
α is any valueα > 0, we can view this as a set of external relative weights on the variable assignments. With this
particular set of weights, we see that the weight corresponding to any assignmentXE 6= x̄E is infinitely smaller than
the weight corresponding to the assignmentXE = x̄E , because (loosely)α/∞ = 0. Since we saw in Section 4.1 that
the value ofα did not matter, we care here only about relative weighting. That is, we want one assignment weight to
have an infinite factor less weight the other assignment weight. Therefore, any valueα > 0 will do to achieve these
ratios.

Virtual evidence arises when we relax the notion that the weight ratios are either finite (for one assignmentx̄E)
or zero (for the remaining assignments). For eachxE ∈ DXE

, there is a functionα : DXE
→ R

+, that maps from
assignments to variablexE to non-negative reals. The probability of a variable assignment ofxA gets multiplied by
α(xE) whereE ⊆ A. As we will see, the specific values of the functionα(·) do not really matter, as long as they are
non-negative. The only thing that matters is their ratio (asin the case above).

This procedure can be seen as expressing relative degrees ofnumerical weight regarding the value ofXE taking
on different assignments. The evidence that comes in, rather than specifying an event with certainty, instead says that
a variety of events could happen, and the numeric weightsα(·) provide a numerical coding of this uncertainty. It
might be said that these weights express relative “degrees of believe” or “degrees of confidence” in those particular
assignments of variables. A key point is that these belief quantities are obtained external to the Bayesian network, just
as is hard evidence. In other words, with hard evidence, we gain some information about an event — this information
is the discovery that in the eventXE = x̄E . In virtual evidence, we also gain information, but rather than about one
particular event, we have numeric scores each for a variety of events.

We can interpret virtual evidence as a sample space event as described in Section 4.0.1. In this case, however, an
eventη ∈ F \FX occurred since all the events inFX correspond to a particular single assignment of random variables
XA = xA. The eventη (equivalentlyV = 1) is conditionally related to a partition of the event space corresponding to
DXE

. That is, we have that
p(η|XE = xE) = p(V = 1|XE = xE) ∝ α(xE)

UWEETR-2004-0016 11



Why the likelihoodp(V = 1|XE = xE) is related only proportionally toα(xE) is described in Section 5.1. In this
case, we have event equivalenceη ≡ {V = 1} whereV is the extra virtual random variable. It is important to realize
that in making the above statement, we have made a conditional independence assumption about the eventη and the
rest of the BN [12]. I.e., the assumption is thatV ⊥⊥XU\E |XE . This is perhaps not surprising, however, as this is
precisely the assumption given on the right of Figure 1, where Vi⊥⊥XU\{i}|Xi (also see the right of Figure 2 for an
example of this). The validity of this conditional independence assumption, as does the validity of any conditional
independence assumption, depends on the specific application in which evidence is utilized (Section??).

As we saw in Section 4.1, the the functionα(·) matters only up to a constant of proportionality. In other words,
we could substituteα(xE) with α′(xE) = βα(xE) for anyβ > 0 and the effect would be the same. We will leave a
discussion of the interpretation of these ratios to Section5.2. For now, we define how it is that the ratios are all that
matters:

5.1 Why do only the ratios matter?

First, let us suppose that|DXE
| = M > 0. We take valuesxE ∈ DXE

in lexicographic order such thatαj ∆
= α(xE)

if xE is thejth in this order, forj = 1 . . .M , whereαj ≥ 0. We generalize the delta functions above to take on more
than 0/1 values, specifically:

δ(xE ; {(x̄j
E , αj)}

M

j=1) = δ(xE ; (x̄1
E , α1), (x̄2

E , α2), . . . , (x̄M
E , αM ))

∆
=



















α1 if xE = x̄1
E

α2 if xE = x̄2
E

...
αM if xE = x̄M

E

We see thatδ(xE ; {(x̄j
E , α′j)}

M

j=1) = βδ(xE ; {(x̄j
E , αj)}

M

j=1) whenα′j = βαj ∀j.

In other words, this new delta function (generalizing the Dirac delta), applies the valueαj when our evidence
variablesXE take on particular valuēxj

E .
Suppose now that we define a new quantity:

p({(x̄j
E , αj)}

M

j=1)
∆
=
∑

xU

p(xU )δ(xE ; {(x̄j
E , αj)}

M

j=1)

This quantity generalizes the probability of evidence defined in Section 2.3, but here it may be seen as the score of
the (uncertain) evidence. It is not entirely correct to callthis a probability unless certain constraints are made on the
α(·) weights (described below). We may consider it to be the expected value of the uncertain evidence, however, as
we have:

p({(x̄j
E , αj)}

M

j=1) =
∑

xU

p(xU )δ(xE ; {(x̄j
E , αj)}

M

j=1) =
∑

xE

p(xE)δ(xE ; {(x̄j
E , αj)}

M

j=1) = Ep[δ(xE ; {(x̄j
E , αj)}

M

j=1)]

In this view, standard evidence may be seen as the expected value of a Dirac delta function sincep(x̄E) = Ep[δ(xE , x̄E)],
so that the above generalization to uncertain virtual evidence is quite natural.

Relating to the three procedures given earlier, the values of the vector(α1, α2, . . . , αM ) do not really matter up
to a constantβ > 0. In other words, we could just as easily use vector(α′1, α′2, . . . , α′M ) whereα′i = βαi for any
β > 0. All that matters for the three procedures is the relative ratios of the various alphas, orαi/αj , i, j ∈ 1 : M . We
define what we mean by “matters” in the next few sections below. In order to be able to generalize standard evidence,
we also allow some of the coefficients to be zero (e.g.,αj = 0) in which case the ratios might be zero or infinite, as
described earlier. We next examine our three procedures:
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V = 1

X1

X2

X3 X4

X5

X6

= 1

X1

X2

X3 X4

X5

X6
X1

X2

X3 X4

X5

X6

VE1

VE2

VE3
= 1 V1

= 1
= 1

V2= 1

V3
= 1 V4

= 1

V5
= 1

V6
= 1

Figure 2: Virtual Evidence variants depending on the factorization of the evidence.

5.1.1 Score and Probability of virtual evidence

To compute the score of the virtual evidence, we perform the following:

p({(x̄j
E , αj)}

M

j=1) =
∑

xU

p(xU )δ(xE ; {(x̄j
E , αj)}

M

j=1) =

M
∑

j=1

αj

(

∑

xU

p(xU )δ(xE , x̄j
E)

)

(1)

=
M
∑

j=1

αjp(x̄j
E) (2)

so the probability of the virtual evidence is simply a weighted sum of the probabilities of each of the individual
hard-evidence evidence probabilities, where the weights are just theαi values. In this form, it is easy to see how if
αj = δ(j, j̄) for a particular valuēj, then we have standard evidence.

There are additional points worth making here as well, namely the αj values might themselves factorize, con-
straints may be placed on theαj values to make the virtual evidence score a probability, andif no constraints are given
it is only the ratios that matter.

First, theαj values might themselves factorize. In other words, we can think of

αj =
∏

i∈E

αj
i

whereαj
i is the weight value applied to the probability of any assignment toXU wheneverXi = x̄j

i for i ∈ E. In
such case, we can write the virtual evidence score as:

p({(x̄j
E , αj)}

M

j=1) =

M
∑

j=1

(

∑

xU

p(xU )
∏

i∈E

αj
i δ(xi, x̄

j
i )

)

(3)

In this case, the evidence variables are free to vary separately with respect to each other in such a way that as long as
one of the variables, sayXi, i ∈ E takes on a particular valueXi = x̄j

i , then the probability of the assignment any
XU with Xi = x̄j

i will be affected by the factorαj
i , and this is irrespective of the assignments to any other variables

Xi′ wherei′ ∈ E, i′ 6= i.
On the other hand, it might be desirable to have a weight valuejointly for each a pair or a group of evidence

variable values. We might, for example, partition the evidence setE into disjoint subsetsE = {E1, E2, . . . , EL}. In
this case, we get

p({(x̄j
E , αj)}

M

j=1) =

M
∑

j=1

(

∑

xU

p(xU )

L
∏

l=1

αj
l δ(xEl

, x̄j
El

)

)

In this case, we have a separate valueαj
l for each set of assignments to the subgroupXEl

. Clearly, this approach
generalizes and subsumes both Equation 1 (whenL = 1) hand Equation 3 (whenL = |E|).

In fact, uncertain evidence in this way (and depending on thefactorization ofαj) can easily be encoded in a BN,
the same way as hard evidence can. Here, any set of evidence nodesXE that has received virtual evidence possesses
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a new virtual child nodeV , outside of the universe, that is always observed to have value 1 (unity), and where we set

p(V = 1|XE = xE) = δ(xE ; {(x̄j
E , αj)}

M

j=1). Again, this is only a partial specification of the CPTp(V |XE) as
the values forp(V 6= 1|XE = xE) need not be specified since they are never used. Of course, thevalueV = 1 is
arbitrary, and it could be any observed value forV as long as the corresponding CPT agrees with that value in howit
applies the uncertain evidence. Also, the factorization ofαj is expressed depending on the number of virtual children
that exist. If there is one global virtual childV = 1, thenαj = βp(V = 1|XE = x̄j

E) does not (necessarily) factorize,
as shown on the left in Figure 2, whereβ > 0 is a scalar constant of proportionality (which as we will seedoes not
matter). Equation 2 becomes

p({(x̄j
E , αj)}

M

j=1) = β

M
∑

j=1

p(V = 1|XE = x̄j
E)p(x̄j

E)

If we wish to have partial factorization, so that sayαj = αj
E1

αj
E2

αj
E3

, we express this in a BN as shown in the center

of Figure 2. In this case,αj = βE1p(VE1 = 1|XE1 = x̄j
E1

)βE2p(VE2 = 1|XE1 = x̄j
E2

)βE3p(VE3 = 1|XE1 = x̄j
E3

),
where againβi > 0 are constants of proportionality. Because of the moralization property of Bayesian networks
(namely that once moralized, all parents of an observed child have to appear in at least one clique in the junction tree),
such factorization of the virtual evidence can have significant computational complexity reductions. If we wish to have
full factorization, then we get the right of Figure 2. Here,αj =

∏

i βip(Vi = 1|Xi = x̄j
i ).

Second, what are the constrains onαj to make the score a true probability. First, we must note thatthe model in
Equation 2 is not a mixture model — i.e., we are not saying thatthe constraints are such that

∑

j αj = 1 and where

0 ≤ αj ≤ 1. Rather, we require only thatαj ≥ 0 (or in the factorized case, thatαj
i ≥ 0 for all i, j). When we

view virtual evidence as virtual pendant children, connected nothing except for their parents, we see that the scores
are viewed as likelihoodsp(V = 1|xE = x̄E).

Third, we can see again that assumingαj > 0 ∀j, given fixed ratios of theαj values, the virtual evidence score is
the same up to a constant factor. In other words, if we were to compute the virtual evidence score (Equation 2) with
two sets of virtual evidence values,{αj}j and{α′j}j with α′j = βαj , then the final virtual evidence score would also
have the same resulting ratio, i.e.,

p({(x̄j
E , αj)}

M

j=1) =
p({(x̄j

E , α′j)}
M

j=1)

β
.

Therefore, we can normalize our virtual evidence score to obtain any desired set ofαj values and only effect the result
with a multiplicative constant.

5.1.2 Posterior probability of hidden variables

The computation of posterior probabilities (or the “revised belief”) shows more precisely howβ does not matter since
the posterior probabilities are identical for allβ > 0. The only thing that matters is the ratios, i.e.,αj/αk. We have

p(xS |{(x̄
j
E , αj)}

M

j=1) =
p(xS , {(x̄j

E , αj)}
M

j=1)

p({(x̄j
E , αj)}

M

j=1)
=

∑

xH ,xE
p(xS , xH , xE)δ(xE , ; {(x̄j

E , αj)}
M

j=1)
∑

xH ,xE,xS
p(xH , xS , xE)δ(xE ; {(x̄j

E , αj)}
M

j=1)
(4)

=

∑M

j=1 αjp(xS , x̄j
E)

∑M

j=1 αjp(x̄j
E)

(5)

The numerator and denominator in the 2nd equality are both themselves scores. The ratio of the scores is a proper
probability since any common constant within theαj values will cancel out. Therefore, it is clear that the posterior
probabilities do not at all depend on theαj values other than their relative relationshipsαj/αi. This holds also of
course for the factorized versions described in the previous section.

5.1.3 The Variable Assignment with the Maximum Score: VEterbi

We can compute the Virtual Evidence Viterbi (VEterbi) assignment of the variables as well.
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The set of most likely assignments are also not affected by{αj}j other than their ratios, as long asαj ≥ 0 for all
i ∈ E. We have for allβ ≥ 0:

x∗
S = argmax

xS

p(xS , {(x̄j
E , αj)}

M

j=1) (6)

= argmax
xS

max
xE

p(xS , xE)δ(xE ; {(x̄j
E , αj)}

M

j=1)

= argmax
xS

max
j∈1:M

p(xS , x̄j
E)αj

= argmax
xS

max
j∈1:M

p(xS , x̄j
E)βαj

= argmax
xS

max
xE

p(xS , xE)βδ(xE ; {(x̄j
E , αj)}

M

j=1)

So the maximum assignment is the same regardless of the actual values ofαj as long as the ratios are identical.
In the above, the resultx∗

S is the maximum assignment toXS with respect to the maximum assignment to the vir-
tual evidence variablesXE . This is the generalization of the Viterbi assignment, since a Viterbi assignment computes
the maximum over all hidden variables jointly. We may instead wish to define the best maximum assignment as:

x∗
S = argmax

xS

∑

xE

p(xS , xE)δ(xE ; {(x̄j
E , αj)}

M

j=1) (7)

= argmax
xS

M
∑

j=1

p(xS , x̄j
E)αj (8)

Equation 6 corresponds to the Viterbi approximation to the maximum given by Equation 7, which arguably incorpo-
rates more of the virtual evidence information. Note that inboth cases, again it is only ratiosαj/αk that matter. The
second case, however, can in general be much more computationally difficult.

5.2 How can we use P (V = 1|XE = x̄E) without having P (V = 1, XE = x̄E)?

As mentioned in earlier sections, we can think of hard evidence as obtaining partial information about some otherwise
unknown sample of the set of random variablesXU described by a BN. In one way or another, this partial information
comes from a mechanism external to the BN itself. If the BN reflects truth (meaning the physical object we are
representing can perfectly accurately be represented by a BN under a certain parameterization), then evidence can be
seen as a sample from the BN where only a subsetXE E ⊆ U of the random variables are revealed. If the BN is only
an approximate model of truth, then our assumption is merelythat the hidden variables are our best guess as to the
process that lead to the observed variables being their current values. In either case, the external evidence says that we
should “believe” a sampleXU = xU infinitely more when the portionXE = x̄E than whenXE 6= x̄E .

Virtual evidence is no different, other than the fact that wemight obtain a more general form of external information
than just hard knowledge of the outcome of some subset of the random variables. Given what we saw about ratios
of values above, the safest way to interpret virtual evidence then is to think of it in the following way based on the

relative values of theαj values. That is, the external information we obtain{(x̄j
E , αj)}

M

j=1 says only the following:

• There was a sample in the underlying sample space (e.g.,η or V = 1). We have learned from this source
something about a subsetXE of the random variables, whereE ⊆ U . Other than the effect onXE , the
source has nodirect influence on the remaining random variablesXU\E . All other things being equal (i.e., for

all possible values ofXU\E), we have learned that an assignment toXU with XE = x̄j
E should be believed a

factorαj/αi more an assignment toXU with XE = x̄i
E , for all 1 ≤ i, j < M . More specifically, the probability

of any assignment toXU , i.e.,p(XU = xU ) should be multiplied byαj whenXE = x̄j
E , for j = 1 . . .M .

One can give the above the interpretation of information coming from source external to the BN that provides a form
of relative “belief” of different random variable values. The information, however, is only relative, in that it says that
one event (i.e., a sub-variable assignment) should be preferred by some constant factor more than another event. This
is easily encoded using likelihoodsp(V = 1|XE = x̄j

E).
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Figure 3: Left: Figure 2.1 from page 43 of Pearl [11]. Right: An interpretation in terms of virtual evidence via the
likelihoodp(V = 1|S)

Typically, the use of the conditional termp(XE = x̄j
E |V = 1) means that we have available both the joint

p(XE = x̄j
E , V = 1) and the priorp(V = 1). I.e., that the event{V = 1} is one that has the same status as any of

the other events being modeledFX (see Section 4.0.1). The eventV = 1, however, is special in that we only have
available information about it in terms of how it relates conditionally to other variables in our system, namelyXE .
That is, the following assumptions are being made:

• V ⊥⊥XU\E |XE , meaning thatV only indirectly effects variables other thanXE . XE renders the eventV
independent of the rest of the modelXU\E .

• Information in howV effects the model only is available in terms ofP (V = 1|XE), and this is an atomic
object (i.e., the virtual evidence is not amenable to deconstruction in terms of Bayes rule to obtainp(XE |V =
1)p(V = 1)/p(XE). This means that the joint distribution over the entire model P (XU , V ) is not available.

There are several reasons why this may be valid. First, many statistical models inherently represent only the
conditional rather than the joint distribution. For example, discriminative models such as multi-layered perceptrons
[3], support-vector machines [17] (when endowed with a distribution), and various conditional maximum entropy
models [14] represent only the constructp(A|B) without ever needing any representation of the joint distribution
p(A, B). Given observations consisting of both events of the formV = 1 andV = 0 (for a binaryV variable), it
would be possible to learn the distributionp(V = 1|XE) and apply it to the model as above.

Second, there are scenarios where we can reason only about ratios of likelihoodsp(V = 1|x̄j
E)/p(V = 1|x̄i

E)
rather than the absolute values of the likelihoods themselves. Since the ratios are all that matters for computation, we
are comfortable when this occurs.

For example, in Pearl’s text ([11], page 43), an example is given that consists of a BN with four variables,B for
burglary,S for alarm sound,W for Watson’s testimony, andG for Gibbon’s testimony. The network so given is such
that the following factorization holds (Figure 2.1 on page 43 in [11], reproduced in Figure 3 here.).

p(H, S, W, G) = p(H)p(S|H)p(G|S)p(W |S) (9)

The ultimate goal is to compute the probability ofH (a burglary occurred) given knowledge about any of the following:
the alarm went offS = 1, Watson’s testimonyW , and/or Gibbon’s testimonyG. In the example (section 2.2.2 of [11]),
however, it is not known if if the alarm went off, so that the variableS is hidden. The only thing that is known is perhaps
some information aboutG and orW .

Virtual evidence arises in [11] when it is not known how precisely the value ofG effects the remainder of the
network, but rather where only some aspect ofG provides us with ratios of preferences aboutH . For example, fromG
we are able only to ascertain that it is four times more likelythat the alarm went off (S = 1) than otherwise (S = 0). In
other words, any probability of the joint set of random variablesp(H, S, W ) whereS = 1 (alarm) should be multiplied
by a number that is four times as large as whenS = 0 (no alarm). We are neither able to obtain (nor are we interested
in obtaining) the probability ofG or the direct relationship betweenG and the rest of the network. Therefore, rather
than encoding this information source as a variableG which is a child ofS (as done in Equation 9), we can instead

UWEETR-2004-0016 16



think of the application of a generalized delta function thethe joint probability of the three variables remaining after
G is removed from the network, i.e.,p(h, s, w)δ(s; {(1, 8), (0, 2)}). This means that whens = 1 the probability is
multiplied by8 and whens = 0 it is multiplied by2, a ratio of4 to 1. In other words, the information fromG imbues
the variableS with virtual evidence favoringS = 1 with 4 to 1 odds. The universe only consists of the variables
H, S, W , but there is information from outside the universe giving preferential treatment to certain values ofS.

While Pearl [11] treats this as a Bayesian network in his Figure 2.1, he uses a different notation for his variable
G which is not mentioned in the text explicitly. Namely, he states thatG is a child ofS only via a multi-patterned
edge, where the first part is solid and the second part is dashed. What is meant by this diagram is the notion of virtual
evidence, as given on the right in Figure 3. As mentioned above, this could be encoded by a Bayesian network with a
variableV , always observed so thatV = 1, with CPTp(V = 1|S = s) = 8δ(s, 1) + 2δ(s, 0).

As is mentioned in Pearl’s text, this external information source does not really impart a probability. In other
words, it is correct neither to say that (p(S = 1|G = g) = 0.8,p(S = 0|G = g) = 0.2) nor to say (p(G = g|S = 1) =
0.8,p(G = g|S = 0) = 0.2) for any value ofg since this would imply that this evidence is obtained by a finding of a
variable withinXU . We next quote Pearl[11] directly1

These difficulties arise whenever the task of gathering evidence is delegated to autonomous interpreters
who, for various reasons, cannot explicate their interpretive process in full detail but nevertheless often
produce informative conclusions that summarize the evidence observed. In our case, Mr. Holmes [an
external observer] provides us with a direct mental judgment, based on Mrs. Gibbon’s testimony, that the
hypothesisAlarm soundshould be accorded a confidence measure of 80%. The interpretation process re-
mains hidden, however, and we cannot tell how much of the previously obtained evidence was considered
in the process. Thus, it is impossible to integrate this probabilistic judgment with previously established
beliefs unless we make additional assumptions. [i.e., we cannot computep(G, S).]

The prevailing convention in the Bayesian formalism is to assume that probabilistic summaries of virtual
evidence are produced independently of previous information; they are interpreted as local binary relations
between the evidence and the hypothesis upon which it bears,independent of other information in the
system. For this reason, we cannot interpret Mr. Holmes’s summary as literally statingP (S|G) = 0.8.
P (S|G) should be sensitive to variations in crime rate information— P(H) — or equipment characteristics
— P (S|H). The impact of Gibbon’s testimony should be impervious to such variations. Therefore, the
measureP (S|G) cannot represent the impact the phone conversation has on the truth ofAlarm sound.

The likelihood ratio, on the other hand, meets this localitycriterion, and for that reason probabilistic
summaries of virtual evidence are interpreted as conveyinglikelihood information. For example, Mr.
Holmes’s summary of attributing 80% credibility ot theAlarm soundevent can be interpreted as:

P (G|Alarm sound) : P (G|No alarm sound) = 4 : 1

In Pearl’s description, he states that the crux lies in thelocal binary relations between the evidence and the hypoth-
esis upon which it bears.By this, it is meant the evidenceV should only influenceS and should not directly influence
anything else in the network, and that it should influenceS only via ratios. These ratios are exactly what may be
encoded by the virtual evidence construct given on the rightof Figure 3. This information is obtained from a source
external to the universe modeled by the BN’s probability distribution. In the example, the information was obtained
by an interview of Mrs. Gibbon and imparted into the network by the application of weights to the probabilities of the
variables within the universe. Another example of this sortis given in [12] and in the references contained therein.

A third reason for the validity of the utilization ofp(V = 1|XE) is that we may wish merely to impose constraints
on certain variable configurations or states in our model. Perhaps there are only a subset of valuesD′

XE
⊂ DXE

that
are to be allowed. We may setp(V = 1|XE = xE) = δ{xE ∈ D′

XE
}. Parameter learning can easily proceed, for

example, in a model that is subject to these constraints. Thesemantics of the constraints, moreover, are similar to
those used in constraint-networks [5]. In fact, in this way,virtual evidence can be seen to provide BNs the ability to
represent hybrid constructs (see Section 5.4).

1In [11], a Mr. Holmes is the person who discusses with Mrs. Gibbon’s her view of the alarm going off, and gleans from this discussion
information external to the universe leading to the 4 to 1 preference in favor of alarm.
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Figure 4: Left: The conditional independence assumption necessary for virtual evidence, namely that
V ⊥⊥{XS, XH}|XE. Right, multiple sets of virtual evidence combine togetherin a natural way by having multiple
virtual children.

5.3 Virtual Evidence, Bayesian Inference, and Bayesian Reasoning

Bayesian reasoning has a long history in statistics, and it would lead us far astray to even touch the surface of its
complexities. We refer the reader to [15, 11] and the multitudinous references in Bayesian reasoning that are available
(and that we do not cite).

The essential tenet of Bayesian reasoning is that given prior uncertaintyp(A) over an event{A}, and given some
evidenceE that is related to{A}, that prior can be updated based on the likelihood to give posterior uncertainty, i.e.,

P (A|E) =
(

p(E|A)
p(E)

)

p(A). This principle can be applied in a number of cases, including:

• Bayesian statistical inference, whereA = θ is a set of parameters of a parametric [15] or non-parametric
statistical model, and whereE = x1:N is data that is drawn from an unknown distribution. The goal is to
produce a posterior over parametersp(θ|x1:n) which can be used for future predictions, mixtures, maximum
a-posterior estimation, confidence estimation, and so on (see [15]).

• Belief revision, whereA represents some event in the world (e.g., “it is raining outside”), andE represents some
potentially related event (e.g., “the ground is wet”). In this case, the Bayesian approach simply uses Bayes rule
to update prior beliefs about the state of the world to posterior beliefs.

Virtual evidence corresponds to Bayesianism in that it is possible to use Bayes rule to derive the posterior that is
given in Equation 5. Specifically, we have:

p(xS |V = 1) =
∑

xE

∑

xH

p(xS , xE , xH |V = 1) (10)

=
∑

xE

∑

xH

p(V = 1|xS , xE , xH)p(xS , xE , xH)

p(V = 1)
(11)

=

∑

xE

∑

xH
p(V = 1|xS , xE , xH)p(xS , xE , xH)

∑

x′
S

∑

x′
E

∑

x′
H

p(V = 1|x′
S , x′

E , x′
H)p(x′

S , x′
E , x′

H)
(12)

=

∑

xE

∑

xH
p(V = 1|xE)p(xS , xE , xH)

∑

x′
S

∑

x′
E

∑

x′
H

p(V = 1|x′
E)p(x′

S , x′
E , x′

H)
(13)

which is identical to Equation 5. Bayes rule was used to get Equation 11, but it was necessary to utilize the conditional
independence assumption thatV ⊥⊥{XS , XH}|XE to obtain Equation 13 (see left of Figure 4).

Therefore, while Bayesian reasoning lies at the heart of both Bayesian inference and Bayesian belief updating,
they generally are applied to different random objects.
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5.3.1 Soft Evidence vs. Virtual Evidence

Another form of belief updating exists as well, including Jeffrey’s evidence [12], or what is sometimes calledsoft evi-
dence. Unlike virtual evidence, where one has the likelihoodsp(V = 1|xE), one instead has a probability distribution
p′(xE) that is distinct fromp(xE) =

∑

xU\E
p(xU ). The goal in this approach is to updatep(xU ) to p′(xU ) so that

p′(xU\E |xE) = p(xU\E |xE). This is done using Jeffrey’s update rule

p′(xU ) =
∑

x′
E

p(xU |x
′
E)p′(x′

E)

In this notation, we note thatxU includesxE (sinceE ⊂ U ), and have thatp(xU |x′
E) = 0 if xE 6= x′

E .
Soft evidence is fundamentally a different form of evidencethan is virtual evidence. Soft evidence is a direct

statement about the underlying statements made by a model (e.g., it directly states something about the parameters
of a parametric model). In the case above, soft evidence states that the marginal of the distribution overXE must
equalp′(xE). Virtual evidence, on the other hand, does not prescribe properties to the distribution, but rather is a
generalization of evidence regarding some of the random variables (and not their parameters) in the model. Of course,
virtual evidence can be used to train the parameters of the model (say using maximum likelihood) but the way in which
the evidence influences the parameters is only indirect withvirtual evidence.

One way to see the difference between the two approaches is tosee how the different forms of evidence combine.
Suppose that we have two unequal sets of soft-evidence, i.e., p′(xE) andp′′(xE). These two pieces of evidence do not
combine, since if we apply Jeffrey’s rule twice, only the latter application will survive since each application wipes
out whatever is the current marginal overXE . If the two sets of soft-evidence do not agree, they are fundamentally
incompatible with each other.

Multiple sets of non-agreeingvirtual evidence, on the other hand, can be sensibly unified, i.e., the different evidence
will combine together to produce a logical combined result.For example, given the two virtual evidence constructs
p(V = 1|xE) andp(V ′ = 1|xE) whereV andV ′ are different random variables, the natural generalization of the
above is to combine the two by multiplication, leading to theupdated posterior:

p(xS |V = 1, V ′ = 1) =

∑

xE

∑

xH
p(V = 1|xE)p(V ′ = 1|xE)p(xS , xE , xH)

∑

x′
S

∑

x′
E

∑

x′
H

p(V = 1|xE)p(V ′ = 1|xE)p(x′
S , x′

E , x′
H)

(14)

under the appropriate set of conditional independence statements. Generalizing this further to the vector observation
V1:K = (1, 1, . . . , 1), we get:

p(xS |V1:K = (1, 1, . . . , 1)) =

∑

xE

∑

xH
p(xS , xE , xH)

∏K
k=1 p(Vk = 1|xE)

∑

x′
S

∑

x′
E

∑

x′
H

p(x′
S , x′

E , x′
H)
∏K

k=1 p(Vk = 1|xE)
(15)

as shown on the right in Figure 4.

5.4 Virtual Evidence, Undirected Graphical Models, and Factor Graphs

An undirected graphical model is a representation of any probability distribution that factors with respect to an undi-
rected graph. In particular, ifp(x) factors with respect to undirected graphG = (V, E), then we can write:

p(x) =
1

Z

∏

c∈C

φc(Xc) (16)

whereC are the set of cliques in the graph. This means that any distributionp(x) that factors with respect to graphG
must be such that it can be validly written in this way.

Any Bayesian network can be written to factor as an undirected graph by defining cliques corresponding to each
child and its parents (although some of the BN’s factorizations, in particular V-structures, might be lost in this process
when going to an undirected model). I.e., for each variablei ∈ U and its parentsπi, we define a cliqueci = {i} ∪ πi,
and form the set of cliques asC = ∪ici. Of course in this case,Z = 1 since the model already normalizes.
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Virtual evidence can thus be seen as applying another cliquefunction on a set of variables corresponding toXE .
Starting start with Equation 16, we add a virtual child corresponding to the factorp(Vi = 1|Xi = xi) = f(xi). The
new distribution becomes

p′(x) =
1

Z
f(xi)

∏

c∈C

φc(Xc) = f(xi)p(x)

SinceXi is only one variable, we can easily absorb the new factorf() into any clique that containsXi without
changing any of the factorization properties of the graph. In this case, the graphical structure does not change and
the same graphical model and all of its corresponding factorization properties still applies. On the other hand, the
distribution does not any longer properly normalize unlesswe were to specify the above with a different constantZ ′.
Supposing further that there does not exist ac ∈ C such thatE ⊆ c, then we form a new cliquec′ = E and define
the corresponding clique functionφc′(x

′
c) = p(V = 1|Xc′ = xc′). Here the graph structure would change (i.e.,XE

would turn into a sub-clique). Also,Z once again would need to be recomputed to obtain a normalizeddistribution.
However, as shown in the sections above,Z is often not necessary.

A factor graph, on the other hand, is a bipartite graph representation of a probability distribution where factors
in the distribution are made explicit. We are given a bi-partite graphG = (V, F, E) whereV are the left-hand-side
nodes,F are the right-hand-side nodes, andE ⊆ V ×F are the edges that exist only between left and right-hand sides.
Eachv ∈ V is associated with a random variable and eachf ∈ F is associated with a factor over some subset of the
random variables. For every nodef ∈ F , the subset of nodes inV connected tof correspond to the arguments of the
factorf , and we call thisVf . I.e.,f ∈ F corresponds to the factorf(XVf

). A factor graph represents any distribution
p(x) that can be validly written in the following way:

p(x) =
1

Z

∏

f∈F

φf (XVf
) (17)

whereφf () are arbitrary non-negative functions.
A factor graph can be used to represent the factorization of aBN precisely, since all factors in the BN can be

represented by some factorf ∈ F . Adding a virtual childVi to Xi correspond to adding another factor to the model,
one that places a constraint on the possible value ofXi. Lets do this for each of an undirected model and a directed
model.

A factor graph representation of virtual evidence would addone more node into the right hand side of the graph
F , the node would only be connected toXi, node’s factor function would be the factorf(xi). Therefore, the factor
graph does change in response to a virtual child of a single variable. If |E| > 1, we would just add a factorf ′ such
thatXf ′ = XE . The same normalization adjustment would occur here as whatoccurs in the undirected model.

When might one use virtual evidence vs. an undirected or factor graph? In some sense, there is no real difference,
since any factor in a graph can be represented by an appropriate virtual evidence functionp(V = 1|xE), up to a
normalization constant. Sometimes, it is useful to parameterize factors in an undirected model using a log-linear form,
so thatφc(xc) = exp(λT g(xc)) whereλ is a vector of coefficients andg(·) is a vector of functions on the variables
xc. It would be possible to define a virtual evidence function inthe same way, however.

It can be useful at times to specify everything in terms of a log-linear model. On the other hand, it is sometimes
quite useful to consider locally normalized factors as in a BN, wherep(xi|xπi

) can be specified asxi as a noisy
function of its parents. In such a model, having the ability to add virtual evidence factors can be quite useful. The
method of training also can have an influence on what to try. Recent work on discriminative training [18, 16, 9] are
such that the exponential form is mathematically quite tractable, but such discriminative optimization criterion could
just as easily be applied to a BN that utilizes virtual evidence. Therefore, the choice of what to use is really up to the
user.

6 Applications

We present several applications where the use of virtual evidence has been usefully applied, and these include hy-
brid neural-network/hidden-Markovmodel-based speech recognition, backoff-based language models, and in dynamic
Bayesian networks.
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6.1 Virtual Evidence in Hybrid ANN/HMM systems

Hybrid artificial neural network (ANN) - hidden Markov modelHMM systems [4] can be seen as utilizing virtual
evidence on an underlying Markov chain backbone.

In a typical HMM, there areT discrete random variablesQ1:T that form a Markov chain, so that

p(q1:T ) =

T
∏

t=1

p(qt|qt−1)

and a set of continuous or discrete random variablesX1:T which represent a transformation of the acoustic speech
waveform but embedded in a vector stochastic process. The joint distribution in an HMM factorizes according to a
BN as follows:

p(q1:T , x1:T ) =

T
∏

t=1

p(qt|qt−1)p(xt|qt) (18)

In a hybrid ANN/HMM system, on the other hand, local estimates of the temporally local posterior probabili-
tiespANN (qt|xt) are produced using a neural network (i.e., a 3-layer multi-layered perceptron which can be shown
to approximate posterior probabilities when appropriately trained [3]). More typically, the estimates take the form
pANN(qt|xt−τ :t+τ ), where typicallyτ = 4, so that the posteriors may utilize information not just from the current but
also from surrounding time frames.

The question is, how to merge the information that the ANN locally garners from the acoustic time window with
the stochastic process HMM. One approach, as is argued in [4], is to normalize the posterior by the prior, yielding:

p(qt|xt−τ :t+τ )/p(qt) = p(xt−τ :t+τ |qt)/p(xt−τ :t+τ )

and then to use that in place of the typical HMM local likelihoodp(xt|qt) from Equation 18. It is argued that since this
is a scaled likelihood (scaling factorp(xt−τ :t+τ ), it is functionally equivalent to the HMM local likelihoodp(xt|qt). It
can be easily seen, however, that the joint distributionp(q1:T , x1:T ) does not factorize even proportionally with respect
to any Bayesian network into a product of factors consistingof the likes ofp(xt−τ :t+τ |qt)/p(xt−τ :t+τ ) 2

The hybrid ANN/HMM systems, however, can be seen in terms of virtual evidence. In particular, the underlying
universe of variables consists only of a Markov chainQ1:T . The ANNs are providing external virtual evidence to each
variableQt in the form of

p(q1:T ) =

T
∏

t=1

p(qt|qt−1)δ(qt, {(j, α
j
t )}

|Q|

j=1)

and where the weight are such that

αj
t = p(qt|xt−τ :t+τ )/p(qt) = p(xt−τ :t+τ |qt)/p(xt−τ :t+τ )

Since we now know that the external information provides unique information only up ratios, we see that the normal-
ization constantp(xt−τ :t+τ ) is irrelevant to our three main inference problems. Moreover, we may assume that each
variableQt has a virtual childVt = 1 that is always observed to have value1. The hybrid ANN/HMM may be given
by having the virtual child use CPT with partial specification:

p(Vt = 1|Qt = qt) = p(qt|xt−τ :t+τ )/p(qt)

Let us now generalize this notion to arbitrary Bayesian networks. A (collection of) discrete node(s)XE E ⊆ U is
given virtual evidence via some process entirely separate from the universe of variablesXU . This external process is
specified via a joint distribution over two sets of variables, XE andZ, and is given byp(XE , Z). Note that the variables
within the distributionp(XE , Z) have some overlap withXU (namelyXE) butp(XE , Z) also contains innovationZ.
The set(XE , Z) might be called a secondpartially overlapping universerelative to(XE , Z). Regardless of the name,

2Note that in the past, the ANN/HMM material was not explainedusing the notion of virtual evidence. Given the explanationherein, however,
we can see how virtual evidence lends justification to this approach. Note also that the joint distribution will factorize with respect to an undirected
graphical model with clique potential functions consisting of ψ(qt, xt−τ :t+τ). In particular, the ANN/HMM can be seen as an unnormalized
undirected graphical model (or Markov random field), with clique potential functionsψ. We consider in this article, however, only a way of fitting
a hybrid system into the Bayesian network setting.
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it should be clear that the distributionp(XE , Z) is entirely separate from the distribution represented by the Bayesian
networkp(XU ) = p(XE , XU\E). The distributionp(XE, Z) might itself be modeled by a Bayesian network, or
might otherwise be modeled by a factors of neural networks, generalized linear models, support vector machines, or
any other parametric or non-parametric and linear and/or non-linear form [6].

The question becomes, how do we utilizep(XE , Z) within p(XU )? More specifically, suppose thatZ becomes
known, so that in the partially overlapping universe, we findthatZ = z. The resulting distribution becomes:

p(XE , Z = z) = p(XE |Z = z)p(Z = z) = p(Z = z|XE)p(XE)

The portion that overlapsXE is still unknown in both universes, but givenZ = z we have a refined notion of what
XE should be from the 2nd universe. There are several possible ways that we might use the information obtained in
the 2nd universe to the 1st universe’s benefit.

First, we might apply top(XU ) a delta function of the following form:

p(xU )δ(xE , {(x̄j
E , p(x̄j

E , Z = z))}
M

j=1) ≡ p(xU )δ(xE , {(x̄j
E , p(Z = z|x̄j

E)p(x̄j
E))}

M

j=1) (19)

≡ p(xU )δ(xE , {(x̄j
E , p(x̄j

E |Z = z))}
M

j=1) (20)

In other words, we can apply either use full joint distributionp(x̄j
E , Z = z) or equivalently the likelihoodp(x̄j

E |Z = z)
from the 2nd universe as a virtual evidence weight for the setof random variablesXE in the first universe. This is
becausep(Z = z) is a constant for all valuesxE ∈ AE . Without loss of generality, let us call this theposteriorcase,
since we are directly applying the posterior ofxE givenz.

Alternatively, we might apply the probability ofZ = z in the 2nd universe as the first universe’s virtual evidence
weights as follows:

p(xU )δ(xE , {(x̄j
E , p(Z = z|x̄j

E))}
M

j=1) (21)

Note that this is not equivalent to applying sayp(x̄j
E |Z = z) as weights sincep(xE) is not necessarily a constant in the

second universe. We call this case thelikelihoodcase, since we apply as virtual evidence weights toxE in universe 1
the likelihood of the external dataZ = z givenx̄j

E . This case corresponds to the hybrid ANN/HMM system mentioned
above, since the valuep(x̄j

E |Z = z)/p(x̄j
E) = p(Z = z|x̄j

E)/p(Z = z) is proportional to the likelihoodp(Z = z|x̄j
E).

Which form of virtual evidence should we use, theposteriorform of Equation 19 or thelikelihoodform of Equa-
tion 21? The one to use, depends on the application at hand. Examining the right side of Equation 19 and Equation 21,
we see that the only difference is in the application of the prior probabilitiesp(x̄j

E). These priors reflect some belief
regarding the values ofxE in universe two irrespective of the variableZ. If it is desirable to encode weights onxE

in universe one only based on the local relationship betweenZ andXE in universe two, then the likelihood approach
Equation 21 should be used. If on the other hand we have obtained some external prior knowledge aboutXE that we
wish to applyin additionto the local relation betweenZ andXE in universe two, then theposteriorform Equation 19
should be used. es We might even decide to encode and utilize weights onxE based only on the prior information,
irrespective of any local external process, as in:

p(xU )δ(xE , {(x̄j
E , p(x̄j

E))}
M

j=1) (22)

This, however, is simply a restatement of the form given in Equation 1.
We see, however, that all three of the above forms are correct, since again all we are expressing in the universe are

relative weights regarding different external beliefs about the variablesXE. And again it is only the ratios of these
values that count in universe one.

6.2 Virtual Evidence and Backoff-based Language Models

Need to write.

6.3 Virtual Evidence and the IBM Machine Translation Models

Need to write.
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7 Conclusion and Further Reading
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