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Abstract
As is well known, exact probabilistic graphical inference requires a triangulated graph. Different triangulations
can make exponential differences in complexity, but since finding the optimum is intractable, a wide variety of heuristics have been proposed, most involving a vertex elimination ordering. Elimination always yields a triangulated graph,
can produce all edge minimal triangulations, and can also produce triangulations having the smallest maximal clique
size. In this paper, we show that there are cases of practical importance where the optimal triangulation is unobtainable with elimination. Specifically, we show that real-world models with deterministic dependencies exist where the
best elimination-based triangulation can have an unboundedly larger state space than the optimal triangulation. We
present new methods that, unlike elimination, can generate optimal state space triangulations for such models, and
give results for both real and randomly generated graphs. We also give an algorithm and correctness proof for determining if a triangulation can be obtained via elimination, and give a new proof that the decision problem associated
with finding optimal state space triangulations is NP-complete.

1 INTRODUCTION
Exact inference in probabilistic graphical models requires a triangulated graph. There are many different triangulation choices each yielding exponential differences in inference time and memory complexity. Unfortunately, finding
optimal triangulations is NP-hard [2, 25], so heuristic search methods must be used.
Indeed, many search methods exist, and are often based on choosing an ordering of the nodes for vertex elimination
[8, 13, 14, 16, 19, 22]. Vertex elimination always results in a triangulated graph [22], but can not generate all possible
triangulations (Figure 1). It can, however, create any minimal triangulation [20].
There are many methods to judge the quality of a given triangulation. Most basic is the size of the largest maximal
clique of the graph. This is a good indicator on positive distributions where each random variable has the same
cardinality. When the variables have different cardinalities, one typically looks at the state space of the junction tree
[18, 4, 14, 16, 19, 25]. The optimal triangulation under these two criteria will always be minimal, and hence standard
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Figure 1: Triangulation which is impossible using elimination
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techniques that choose an elimination order are perfectly sufficient. Typically, triangulation methods that are not based
on elimination will also favor minimal triangulations and smaller clique sizes [6, 21].
Such is not the case, however, when one considers non-positive distributions. In many applications (such as
hierarchical HMMs, speech recognition graphs, causal models, coding graphs, representations of context specific
independence, etc.), many random variables might be deterministic functions of other random variables [10, 5, 7, 8,
9, 15], implying that combinations of values of certain variables will have zero probability. When these variables
exist together in a maximal clique, significant reductions in state space can occur. A maximal clique, however, might
not always contain the parents of a deterministic random variable necessary to achieve this state space reduction. This
prompts the use of non-minimal triangulations which might better cluster such deterministically related variables. Such
a triangulation, however, might not be obtainable through elimination on the original graph. We note in passing that
even when the distributions are strictly positive, elimination might not be enough, as there are methods that enlarge
cliques to reduce clique degree [1].
In this paper, we show that models with deterministic dependencies exist where the best elimination-based triangulation can have an unboundedly larger state space than the optimal triangulation. We present new methods that,
unlike elimination, can generate optimal state space triangulations for such models, and we give results for both real
and randomly generated graphs. We also give an algorithm and correctness proof for determining if a triangulation
can be obtained via elimination, and we present complexity results for finding minimum state space triangulations.
Section 2 defines notation, necessary terminology, and re-visits important theorems from the literature. Section 3 discusses when elimination is a sufficient triangulation method and when it is not, and it relates elimination to
marginalization in probabilistic models. Section 4 provides an algorithm for detecting when a given triangulated graph
is obtainable via elimination starting from some un-triangulated graph. Section 5 discusses the complexity of finding
an optimal triangulation under an arbitrary triangulation quality measure. Section 6 defines new triangulation methods
that can find optimal triangulations in many cases where standard triangulation techniques will always fail. Lastly,
Section 7 presents results on both real-world and random graphs, and Section 8 concludes. This paper is an expanded
version of [3].

2 BACKGROUND
We first define notation, terminology, and mention a number of known theorems required in later sections. A chord
is an edge connecting two non-consecutive vertices in a cycle of length greater than three. A graph is triangulated
if it contains no chordless cycles. A triangulation of a graph G = (V, E) is a (possibly empty) set of edges F such
that E ∩ F = ∅ and the graph T (G) = (V, E ∪ F ) is triangulated. The edges in F are called fill-in edges. The term
triangulation will also be used to mean the graph T (G). Given a graph G = (V, E), the neighbors of v ∈ V are
defined as NEG (v) = (w ∈ V |{v, w} ∈ E)
Vertex elimination [22] is an algorithm that can be used to triangulate graphs. The algorithm chooses a vertex,
adds edges so that all of its neighbors form a complete set, removes the vertex and its edges from the graph, and repeats
until no vertices remain. One creates a triangulated graph by adding the edges that were added at each elimination
step to the original graph. The order that the vertices are removed is the elimination order. An elimination order is a
bijection α : {1, 2, ..., |V |} ↔ V . We use α(v) to denote the integer position of node v in the ordering α, and α −1 (i)
to denote the vertex indexed by the integer i in ordering α.
Definition 1. The deficiency [22] of a vertex v in G is: DG (v) = ({u, w}|{v, u} ∈ E, {v, w} ∈ E, {u, w} ∈
/ E})
The monotone deficiency [22] of a vertex v in G is: M DG (v) = (DG (v) \ {u, w} | α−1 (u) < α−1 (v)). Given
G = (V, E), the v-elimination graph Gv is defined by adding the edges DG (v) and then deleting v and its incident
edges from G. Creating Gv from G is known as eliminating the vertex v. The elimination graph, notated by E α (G),
is the original graph G with the addition of any edges added at each step in the elimination process [22, p.600], or
more formally:


|V |
[
Eα (G) = V, E
M D(α−1 (i))
i=1

A perfect ordering is an ordering for which elimination adds no edges, i.e., α is perfect if E α (G) = G. A triangulation
F of graph G = (V, E) is minimal if G0 = (V, E ∪ F0 ) is not triangulated for any F0 ⊂ F . A non-minimal edge
of triangulation T (G) = (V, E ∪ F ) is some f ∈ F such that G0 = (V, E ∪ F − {f }) is triangulated. A vertex is
UWEETR-2004-0010
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simplicial in the graph G if NEG (v) form a complete set. Note that the elimination of a simplicial vertex does not add
any edges to the graph. A clique is a set of vertices for which every vertex in the set is connected to every other vertex
in the set. A maximal clique is a clique that is not a subset of some larger clique.
Theorem 2. All elimination graphs are triangulated. [22]
Theorem 3. A graph is triangulated if and only if it has a perfect elimination ordering. [22, Theorem 1].
Lemma 4. Triangulated graphs with more than one node have at least two simplicial vertices [12].
Theorem 5. Given a graph G = (V, E) with triangulation F , F is a minimal triangulation if and only if for each
f ∈ F , G0 = (V, E ∪ F − {f }) is not triangulated. [23, Theorem 1]
Theorem 6. Let G = (V, E) be a graph and α be an elimination ordering. Then {v, w} is a fill-in edge of E α if and
only if there exists a chain [v, v1 , v2 , ..., vk , w] in G such that α(vi ) < min(α(v), α(w)) ∀ i = 1...k [23, Lemma 4].
Lemma 7. Let G = (V, E) be a triangulated graph and let G0 = (V, E 0 ) be a spanning triangulated subgraph of G
with |E \ E 0 | = k. Then there is an increasing sequence G0 = G0 ⊂ ... ⊂ Gk = G of triangulated graphs that differ
by exactly one edge. [17, Lemma 2.21, page 20]
Lemma 8. Let G = (V, E) be a triangulated graph and let G0 = (V, E 0 ) be a spanning triangulated subgraph of G
with |E \ E 0 | = k. Then there is a decreasing sequence G = G0 ⊃ ... ⊃ Gk = G0 of triangulated graphs that differ
by exactly one edge.
Proof. The sequence is the reverse of the sequence from G0 to G as defined by Lemma 7.
Although all elimination graphs are triangulated, and all triangulated graphs have perfect elimination orders, a
lesser known fact is that some triangulations of a graph can not be generated via any elimination order ([20] and
Figure 1). One important class, however, that can always be obtained via elimination is the minimal graphs.
Lemma 9. Define E(G) to be the edges of a graph G. Now consider a graph G 1 = (V, E1 ) which is a spanning
subgraph of G2 = (V, E2 ), i.e., E1 ⊆ E2 . Then E(Eα (G1 )) ⊆ E(Eα (G2 )) and E(Eα (G1 ))\E(G1 ) ⊆ E(Eα (G2 ))\
E(G2 ) for any elimination order α.
Proof. The lemma is obviously true for one vertex. Now assume it is true
 for N − 1 vertices and consider agraph
with N vertices. NEG1 (α−1 (1)) ⊆ NEG2 (α−1 (1)), so DG1 (α−1 (1)) ⊆ DG2 (α−1 (1)) ∪ E(G2 ) \ E(G1 ) . The

α−1 (1)-elimination graph (G1 )α−1 (1) is therefore spanning subgraph of the α−1 (1)-elimination graph (G2 )α−1 (1) and
the lemma is proven by the induction hypothesis.
Theorem 10. If T (G) = (V, E ∪ F ) is a minimal triangulation of G = (V, E), then there exists an elimination order
α such that Eα (G) = T (G) [20, Theorem 1].
Proof. Choose α to be any perfect elimination order of T (G), and eliminate G according to α creating E α (G) =
(V, E ∪ Fα ). G is a spanning subgraph of T (G) so by Lemma 9 Fα ⊆ F . By the definition of minimal there is no
F0 ⊂ F such that G = (V, E ∪ F0 ) is triangulated, so Fα must equal F .
Corollary 11. Given T (G) = (V, E ∪ F ) is a minimal triangulation of G = (V, E), if α is any perfect ordering of
T (G), Eα (G) = T (G).
Proof. Follows directly from the proof of Theorem 10.
There are different methods to judge the quality of a triangulation. Two are defined here. First, the treewidth of a
graph [2] is simply the size of its largest maximal clique minus 1. Second, the state space of a graph [18, 4, 14, 16,
19, 25] is widely used to analyze computational complexity of probabilistic inference. In [14], for example, various
triangulation methods were analyzed using weight (the logarithm of the state space). Specifically, the state space or
cardinality of a vertex v, notated |v|, is the number of distinct values its corresponding random variable may hold.
Qk
The state space of a clique, C, holding vertices v1 , v2 , ..., vk is defined as S(C) = i=1 |vi |. Lastly, the state space of
Pk
a graph, G, with maximal cliques C1 , C2 , ..., Ck is defined as S(G) = i=1 S(Ci ).
UWEETR-2004-0010
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Next, we consider the use of deterministic variables inside the junction tree algorithm. When a deterministic
variable is included in a clique with its parents, the probabilities of the variable never need to be stored in the clique
potential because they will be known to be 1 or 0. When a message is passed to such a clique, the parents of the
variable are iterated in outer loops, and the value of the deterministic variable is uniquely calculated. Hence, it does
not contribute to memory usage and contributes only a constant factor in its parent’s state space to the computation
time. If the variable is in a maximal clique that is missing a parent, its memory and computation requirements are just
as if it were random. An example of this in the context of marginalization will be given in Section 3.3. This leads us
to modify our definition of clique state space when deterministic dependencies are present.
Definition 12. The state space of a clique, C,Q with vertices v1 , v2 , ..., vk ,
{v|v is deterministic and pa(v) ∈ C} is defined as S(C) = v∈V \D |v|.

and with D

=

3 ELIMINATION
Elimination is the most prominent algorithm used in triangulation searches and this section is devoted its discussion.
First, it is proven that elimination is sufficient to find optimal treewidth triangulations and optimal state space triangulations when there are no deterministic relationships and no variables with cardinality 1. Note that observed random
variables are computationally equivalent to having a cardinality of 1, so they are considered as such. Next, examples
are given where elimination is not capable of finding an optimal triangulation. Last, marginalization of a variable is
analogous to elimination of the variable on the graph. It is demonstrated that this analogy does not hold unaltered
when a deterministic variable is present and when the optimal triangulation is desired.

3.1

WHEN ELIMINATION IS ENOUGH

There are many situations where optimal or nearly optimal triangulations may be achieved via elimination. If we
consider the alternative, searching over all possible choices of fill-in, elimination has many desirable properties. For
2
example, although there are |V |! possible elimination orderings, there are 2 f = O(2|V | ) possible fill-in choices
(where f is the number of missing edges in the graph). More importantly, all elimination orders correspond to a
triangulated graph but clearly arbitrary choices of fill-in do not. When the optimal triangulation, say T (G), is minimal,
the elimination graphs of G using any perfect ordering of T (G) will yield T (G). This implies that not only will
elimination be sufficient, but also there will be quite a few such orders (at least 2 |V |−1 ) that work (this follows from
Lemmas 11, 4, and 3). Next it will be shown that elimination is sufficient for finding optimal treewidth triangulations
and optimal state space triangulations for graphs having both positive distributions and hidden only nodes.
Theorem 13. For any graph G some elimination graph of G will have optimal treewidth.
Proof. If we begin with some non-minimal optimal treewidth triangulation we can remove edges until some minimal
triangulation is reached. When a non-minimal edge is removed it will either leave the treewidth unchanged or will
lower it. This implies that some minimal triangulation will also have optimal treewidth, and from Theorem 10 this
minimal triangulation will be an elimination graph.
Lemma 14. Consider a graph G = (V, E) with any two maximal cliques C1 and C2 . There exists nodes w1 and w2
such that w1 ∈ C1 , w2 ∈ C2 , w1 ∈
/ C 2 , w2 ∈
/ C1 , and (w1 , w2 ) ∈
/ E.
Proof. Suppose it is not true, then all w1 ∈ C1 \ C2 are connected to all w2 ∈ C2 \ C1 . Because C2 is maximal, there
can not exist v ∈ V \ C2 such that ∀ w2 ∈ C2 , (w2 , v) ∈ E. This is a contradiction because C1 \ C2 ⊆ V \ C2 and
C2 \ C1 ⊆ C2 . A symmetric argument holds starting with maximal C1 .
Lemma 15. Consider a triangulated graph T (G) = (V, E ∪ F ) where an edge (u, v) ∈ F exists such that T 0 (G) =
(V, E ∪ (F \ (u, v))) is also triangulated. There is only one maximal clique in T (G) containing both u and v.
Proof. Assume the contrary, so there is more than one maximal clique in T (G) containing u and v. We choose
maximal cliques C1 and C2 both containing u and v, and choose vertices w1 and w2 such that w1 ∈ C1 , w2 ∈ C2 ,
w1 ∈
/ C 2 , w2 ∈
/ C1 , and (w1 , w2 ) ∈
/ E ∪ F . There will be a cycle in T 0 (G) u − w1 − v − w2 − u, and because T 0 (G)
is triangulated this cycle must have a chord. Nodes w1 and w2 are not connected so u and v must be connected, but
this is a contradiction because T 0 (G) does not contain edge (u, v).
UWEETR-2004-0010
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Figure 2: Non-elimination based triangulation with unbounded improvement over elimination
Lemma 16. Consider a triangulated graph T (G) = (V, E ∪ F ) where there exists some edge (u, v) such that
T 0 (G) = (V, E ∪ (F \ (u, v))) is also triangulated. Say that C is the unique maximal clique in T (G) which contains
both u and v. In T 0 (G), C will be split into the cliques Cu = C \ {u} and Cv = C \ {v}. We define c as the state
space of the clique C \ {u, v}. If Cu and Cv are maximal cliques in T 0 (G) the difference in state space between T 0 (G)
and T (G) will be c(|u| + |v| − |u||v|). If Cu is a subset of another maximal clique in T 0 (G) the difference will be
(1 − |u|)c|v|, if Cv is a subset it will be (1 − |v|)c|u|, and if both are subsets it will be −c|u||v|.
Proof. The cliques not containing both u and v will be unaffected by the edge removal. The state space of C is c|u||v|,
and the state spaces of Cv and Cu (if they exist) are c|v| and c|u| respectively.
Lemma 17. Given a graph G = (V, E) where all variables are random (i.e., not deterministic) with state space ≥ 2,
a minimal optimal state space triangulation will exist.
Proof. Suppose we have a non-minimal triangulation T (G) and remove an edge (u, v) creating new triangulation
T 0 (G). If either of the new cliques created by the edge removal are not maximal in T 0 (G) the difference in state
space will be negative since |u| ≥ 2 and |v| ≥ 2. When both cliques are maximal, the state space difference is
c(|u| + |v| − |u||v|), again negative. From Lemma 8, we can create a decreasing sequence of graphs from any nonminimal triangulation to some minimal triangulation, and the state space of each graph in the sequence will be less
than or equal to the previous graph. Hence, any non-minimal triangulation will have a minimal spanning subgraph
with a smaller or equal state space.
Theorem 18. Given a graph G = (V, E) where all of the variables are random and have state space ≥ 2, some
elimination graph of G will have optimal state space.
Proof. By Lemma 17, a minimal optimal state space triangulation exists that by Lemma 10 is achievable using elimination.

3.2

ELIMINATION IS NOT ENOUGH

When the value of at least one variable is a deterministic function of other variables, Theorem 18 no longer applies.
Consider Figure 2 where d is deterministic in its parents a and b, the cardinalities of a, b, c and e are all η, and the
cardinality of d is η 2 − 1 (the largest sensible cardinality for d). The state space of the graph with no additional fill-in
edges is 2η 4 − η 2 . If one considers the graph in Figure 2(b) the cost is reduced to η 4 + η 3 − η 2 . One might also run
elimination beginning with d, resulting in the graph of Figure 2(c) and cost η 4 . None of these nor any elimination
ordering will give the optimal triangulation seen in Figure 2(d) having state space of 2η 3 which is a factor of η faster
than any elimination based triangulation. Although non-minimal triangulations can be useful in many contexts, finding
triangulations for graphs with deterministic variables is the main focus of this work. One might also notice that in this
example, the problem can be solved by transforming the graph into one which does not include the deterministic
variable, and standard elimination can be used on the transformed graph. Although this approach could work, it will
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(a)

(b)

Figure 3: Optimal state space triangulation with observations

be shown in Sections 6.1.3 and 7.1.1 that the optimal choice of which transformations to make is not any simpler than
choosing a fill-in. Keeping the triangulation search as a choice of fill-in is a much more uniform, elegant, and simple
solution than a combining a search over both graph transformations and minimal fill-in (again, see Section 7.1.1).
When some variables are cardinality 1 (e.g., by treating observed variables computationally as having cardinality
1), the requirements for Theorem 18 are not met. For example, if one considers the graph in Figure 3(a) the optimal
state space triangulation, given in Figure 3(b), is not obtainable through elimination. However, we can bound how
poorly elimination can do.
Theorem 19. We consider a graph G = (V, E) where all of the variables are random with an arbitrary state space.
T (G) = (V, E ∪F ) is an optimal state space triangulation with a state space of O. Suppose there is some triangulated
spanning subgraph T 0 (G) = (V, E ∪ F 0 ) with state space E > O. If Emax is the largest state space of any maximal
clique in T 0 (G) then E < O + |V |2 Emax .
Proof. We can create a decreasing series of graphs from T (G) to T 0 (G). The largest positive difference in state space
between any two graphs is c(|u| + |v| − |u||v|) with |u| or |v| equal to 1. Therefore the largest increase in state space
between graphs is c which will be less than or equal to Emax . There are less than |V |2 possible edges in a graph.
In practice, |V |2 is quite conservative as most of the nodes are typically not observed, and many of the desired
non-minimal edges can be added through elimination.
Conjecture 20. The above upper bound can be strengthened to use number of observations rather than |V | 2 .
Although state space is the most common heuristic used to predict the computational requirements of inference,
other heuristics have also been proposed which might better match a particular inference implementation. In [1] the
following heuristic was proposed based on a detailed analysis of the specific number of additions and multiplications
needed in their junction tree algorithm.
X
X
d(c)S(c) − 2
S(c1 ∩ c2 )
c∈C

(c1 ,c2 )∈Q

Where C is the set of junction tree nodes (maximal cliques), d(c) is the degree of the clique node c in the junction tree,
Q is the set of edges in the junction tree, and (c1 , c2 ) ∈ Q is an edge in the junction tree between clique node c1 and
clique node c2 . Deterministic variables are not considered here. An example was given in [1] showing that increasing
the number of variables in a clique can sometimes lower this value by allowing larger cliques to have a smaller degree
in the junction tree. Increasing the number of variables in a clique is equivalent to adding non-minimal edges to the
underlying triangulation. Here it is shown that elimination can not always create these triangulations which result in
an optimal junction tree. The original graph is shown in Figure 4(a) with all variables having a cardinality of η. With
no fill-in edges the resulting junction tree in Figure 4(b) has a score of 4η 4 + 4η 2 − 8η. We can use elimination to
obtain the triangulation in Figure 4(c) and lower the score to 3η 4 + 2η 3 − η 2 − 6η. The optimal triangulation shown
in Figure 4(e) has a score of 2η 4 + 4η 3 − 2η 2 − 4η, and is not an elimination graph.

3.3

ELIMINATION AS MARGINALIZATION

Further insight into how elimination can affect the computation required for inference can be obtained by its comparison to the equivalent marginalizations of joint probability distributions [13]. Finding the marginal of a single variable
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Figure 4: Non-elimination based triangulation gives improvement over elimination using heuristic from [1].
in a graphical model is done by integrating away all other variables in the distribution. We consider the distribution
whose graph is shown in Figure 2. Summing the variables in order c, a, b, d gives the following equations:
XXXX
p(e) =
p(a)p(b)p(c|a, d)p(d|a, b)p(e|b, d)
d

=

p(b)p(e|b, d)

XX

p(b)p(e|b, d)φ2 (b, d)

d

=

c

XX
d

=

a

p(b)p(e|b, d)

d

=

b

XX

X

X

p(a)p(d|a, b)

X

p(a)p(d|a, b)φ1 (a, d)

a

b

X

p(c|a, d)

c

a

b

b

φ3 (e, d) = φ4 (e)

d

In general, marginalizing a vertex v in G creates a potential function φ(...) over variables NE G (v). Summing
almost always precludes the possibility of further factorization of φ(...), and thus corresponds to completing the set
NEG (v) in an elimination step. As another example, elimination ordering a, c, b, d yields the graph in Figure 2(b). One
should also note that the complexity of performing the summations is on the order of the state space of the resulting
triangulation.
One can also find the marginal of e through summation with a complexity on the order of the triangulation seen
in Figure 2(d), but now summation over a vertex v does not necessarily create the analogous functions over NE G (v).
One must either consider the summations as operations on a junction tree, on a transformed graph (Section 7.1.1), or
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the summation itself is intelligently aware of the determinism in the graph. In either case, we have:
X
p(e) =
p(a)p(b)p(d|a, b)p(c|a, d)p(e|b, d)
a,b,c,d

=

X

p(a)p(b)p(c|a, f (a, b))p(e|b, f (a, b))

X

p(b)

a,b,c

=

b

X

p(a)p(e|b, f (a, b))

a

X

p(c|a, f (a, b))

c

Here, we assume that p(d|a, b) = δ{d=f (a,b)} where f (a, b) is a deterministic function and δ()is the Dirac delta
function. As can be seen, this sequence of operations is not analogous to elimination on the original graph.

4 ELIMINATION GRAPH DETECTION
If we are given a graph and triangulation, one might be interested in determining if the triangulation is an elimination
graph. In this section, a polynomial time algorithm is given for this purpose.
function isEliminationGraph:
On input hG = (V, E), T (G) = (V, E ∪ F )i
if |V | = 1 then
return true
else
A = {v|(v simplicial in T (G)) & (NEG (v) = NET (G) (v))}
if A = ∅ then
return f alse
else
choose v ∈ A, return isEliminationGraph( Gv , (T (G))v )
end if
end if
Lemma 21. We are given a graph G = (V, E) and a triangulation T (G) = (V, E ∪ F ). Suppose F can be generated by some elimination order α = (α(1), α(2), .., α(|V |)). Also suppose that α(k) is simplicial in T (G) and
NEG (α(k)) = NET (G) (α(k)). Then the order β = (α(k), α(1), α(2), ..., α(k − 1), α(k + 1), ..., α(|V |)) will also
generate F .
Proof. Consider eliminating T (G) according to β. α(k) is simplicial in T (G) so eliminating it will not add any edges
to T (G). Moreover, α(1) is simplicial in T (G), so it will still be simplicial in (T (G)) α(k) . Continuing with the nodes
in β in turn, for each i = 2, . . . , k − 1, k + 1, . . . , |V |, α(i) will not have any neighbors in T (G) that it does not also
have at the point when, according to α, it is eliminated from T (G). Therefore, β is a perfect ordering of T (G). Define
Eβ (G) = (V, E ∪ Fβ ). G is a spanning subgraph of T (G) so if we eliminate both T (G) and G according to β, from
Lemma 9, Fβ ⊆ F .
Now suppose that there is some edge (v, w) ∈ F but (v, w) ∈
/ Fβ . NEG (α(k)) ⊆ NEEβ (G) (α(k)) ⊆
NET (G) (α(k)) = NEG (α(k)), so v, w 6= α(k). Define Sα = {u ∈ V : α(u) < min[α(v), α(w)]} and
Sβ = {u ∈ V : β(u) < min[β(v), β(w)]}. If k < min[α(v), α(w)] then Sα = Sβ . If k > min[α(v), α(w)]
then Sα = Sβ \ α(k). From Theorem 6, there is a path in G, [v, v1 , v2 , ..., vl , w], where α(vi ) ∈ Sα ∀ i = 1...l — but
since (v, w) ∈
/ Fβ , no such path [v, v1 , v2 , ..., vm , w] exists in G such that β(vi ) ∈ Sβ ∀ i = 1...m. This, however, is a
contradiction since Sα ⊆ Sβ . Therefore, we must have that (v, w) ∈ Fβ . Therefore, Fβ = F .
Theorem 22. isEliminationGraph will return true if and only if F can be generated by some elimination order α.
Proof. First it will be shown that if the algorithm returns true then ∃α such that E α = T (G). The proof is by
induction on |V |. The theorem obviously holds for |V | = 1, assume it is true when |V | = N − 1, and consider
a graph where |V | = N . The first node chosen by the algorithm is v. The algorithm returned true on the original
graph, so it also returns true on hGv , (T (G))v i. From the induction hypothesis there exists Eβ(Gv ) = (T (G))v
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so we construct elimination ordering α by concatenating v to the front of ordering β. NE G (v) = NET (G) (v) so
NEEα (G) (v) = NET (G) (v). The same holds for V \ v from the induction hypothesis.
The proof of the forward direction is also by induction on |V |. The theorem obviously holds for |V | = 1, assume
it is true when |V | = N − 1, and consider a graph where |V | = N . There is some elimination order α which
generates F , but from Lemma 21 we can also rearrange the order such that any node, α(k) which is simplicial in
T (G) and NEG (α(k)) = NET (G) (α(k)) is eliminated first. When the elimination graph Gα(k) is eliminated in the
order β \ α(k) it will generate T (G)α(k) , and the theorem is proven by the induction hypothesis.

5 COMPLEXITY
It was proven in [2] that it is NP-complete to determine if a graph has a triangulation with treewidth k . It was
proven in [25] that finding optimal state space triangulations is NP-hard through a reduction from the Elimination
Degree Sequence problem. Here it is shown that the decision version of the problem is in NP for any polynomial time
heuristic f (T (G), I), where I is any information the heuristic needs to know about the vertices such as cardinality and
also deterministic relationships. It is then shown that the state space problem is NP-complete by a reduction from the
treewidth problem. This reduction is simpler than the reduction from the Elimination Degree Sequence problem.
Definition 23. MAXTRI = {hG = (V, E), I, αi | G has a triangulation with f (T (G), I) < α }
Theorem 24. The MAXTRI problem is in NP for all polynomial f (G, I).
Proof. The following program can verify an member of MAXTRI with a choice of fill in F :
V =”On input hV, E, I, F, αi:
1. Build the graph G = (V, E ∪ F )
2. Check if G is triangulated
3. If f (G, I) < α accept; otherwise reject”
The size of F is < |V |2 , testing if G = (V, E ∪ F ) is triangulated can be done in polynomial time [23], and testing
that f (G, I) < α is polynomial time by definition.
Definition 25. MAXTREEWIDTH = {hG = (V, E), ki | G has a triangulation with treewidth ≤ k }
Theorem 26. MAXTREEWIDTH is NP-complete. [2]
Definition 27. MAXSTATESPACE = {hG = (V, E), I, αi | G has a triangulation with state space < α}
Theorem 28. MAXSTATESPACE is NP-complete.
Proof. First it is shown that MAXTREEWIDTH is polynomial time reducible to MAXSTATESPACE. Create an
I assigning each vertex a cardinality of |V | and defining no deterministic dependencies, and return the result of
MAXSTATESPACE(G, I, |V |k+2 ). There are at most |V | − 1 maximal cliques in a triangulated graph, so if T (G) has
a treewidth ≤ k this construction will give a state space less than |V ||V |k+1 = |V |k+2 , and MAXSTATESPACE will
accept. If the smallest treewidth for G is ≥ k + 1 the smallest possible state space is |V | k+2 and MAXSTATESPACE
will reject. Similarly, if MAXSTATESPACE accepts the treewidth is at most k and if it rejects the treewidth is > k.
From [11, section 2] the maximal cliques of a triangulated graph can be found in polynomial time, and given the
maximal cliques the state space can be calculated in polynomial time. From Theorem 24, MAXSTATESPACE is in
NP, therefore MAXSTATESPACE is NP-complete.

6 METHODS
In this section, we describe methods designed for finding non-minimal triangulations with the goal of finding optimal
triangulations in graphs containing a mix of random and deterministic nodes. The first method, pre-elimination, is
the basis for a number of heuristics for finding good triangulations in such graphs. The second method is a stochastic
search over the space of all possible triangulations. Finally, we describe two additional novel approaches that, while
not yet implemented and tested, are presented herein for comparison and completeness purposes.
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6.1

ELIMINATION WITH EXTRA EDGES

Unlike elimination, any method with the capability of finding all possible triangulations will certainly be able to find
the optimal one. In this section, we thus start with an algorithm with such a capacity. The algorithm is presented in its
most general form here, and the following subsections use it to find small state space triangulations.
Definition 29. Elimination with pre-elimination edge addition (pre-elimination): Elimination proceeds as usual,
but in addition any number of extra fill-in edges can be added between uneliminated vertices.
We define pre-elimination formally by giving a new definition for deficiency. We have a graph G = (V, E),
elimination ordering α : {1, 2, ..., |V |} ↔ V , and for each v ∈ V a set of extra edges H v ⊆ {(u1 , u2 ) | (u1 , u2 ) ∈
/
S|V |
E, u1 6= u2 , α−1 (v) ≤ α−1 (u1 ), α−1 (v) ≤ α−1 (u2 )}, H = i=1 Hα(i) . When H = ∅, Definition 30 reduces to the
original Definition 1, and pre-elimination reduces to elimination.
Definition 30. The pre-deficiency of a vertex v in G with extra edges H is: DG,H (v) = ({u, w} | {v, u} ∈ E ∪
H, {v, w} ∈ E ∪ H, {u, w} ∈
/ E ∪ H}).
Pre-elimination allows extra edges to be added at any point during the elimination process. For example, one could
add a particular edge to the original graph before any eliminations occur, or one can eliminate several vertices and then
add the edge to the resulting v-elimination graph. The following theorem states that the same triangulation will result,
regardless of when extra edges are added.
Lemma 31. In pre-elimination the extra fill-in edges can be added at any point, from before any node is eliminated to
just before the first of the edge’s endpoints is eliminated, and the same fill-in will result.
Proof. The deficiency depends directly on the union of all extra edges, H, and not on the placement of the edges in
a particular Hv for different v since any change therein will not affect the union H. Consider next the result of extra
edges when eliminating a node v. Any edge in Hvk where α(vk ) < α(v) will have been removed from the graph
when v is eliminated. Suppose we have an edge f ∈ Hvl where α(vl ) > α(v). If f connects two neighbors of v, then
f is added anyway when v is eliminated. If f connects a neighbor of v to a non-neighbor of v, it will not change the
neighbors of v and the fill-in resulting from the elimination of v is unaltered by the existence of f . If f connects two
non-neighbors of v, again, the pre-deficiency of v is unchanged.
Theorem 32. Pre-elimination always results in a triangulated graph.
Proof. From Theorem 31 we can add all the extra edges before any nodes are eliminated and follow this with normal
elimination, and elimination always results in a triangulated graph.
Theorem 33. In pre-elimination, if an extra edges is added to a node just before the node is eliminated then the extra
edge will be non-minimal. Or, all (u, v) ∈ Hv are non-minimal.
Proof. Nodes can not be in an unchorded cycle involving a node eliminated before it. Suppose v is eliminated and
extra edge (u, v) chords some four cycle v, n1 , u, n2 , v. n1 and n2 are neighbors of v and are connected, so the cycle
is chorded without (u, v).
Note that if an extra edge is added earlier in the triangulation, it might have been added anyway due to some
elimination step, and therefore could be minimal.
Theorem 34. Pre-elimination can create any triangulation.
Proof. To obtain T (G) = (V, E ∪ F ), add all edges in F and eliminate according to some perfect elimination order.

6.1.1

Ancestral Edges

In the general case elimination with extra edges has a search space much worse than examining all choices of fill-in,
but when optimizing for state space all possible extra edges do not need to be considered. Instead, we only have to
choose from the set of extra edges that ensure that deterministic variables are placed in cliques with their parents.
The graphs considered in this work are moralized Bayesian networks where the value of a deterministic variable is
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causes (a, e) to be ancestral

Figure 5: Ancestral edges with respect to the deterministic nodes, labeled d
defined by a function of its parents. In such a graph, moralization will cause each deterministic variable to be in at
least one maximal clique with its parents, but the variable might also be a member of other maximal cliques due to its
non-parent neighbors. These neighbors are the deterministic node’s children, any undirected neighbors gained during
the moralization step, or any undirected neighbors needed to triangulate the graph. In certain contexts there might be
neighbors from other sources as well, such as when triangulating a DBN additional fill-in edges are added to make the
boundaries between frames a complete set [5]. We next define a type of edge that will be particularly useful.
Definition 35. For any deterministic node n, an ancestral edge with respect to n is one which connects a parent
of n to a child or undirected neighbor of n. An ancestral edges is any edge that is ancestral with respect to some
deterministic n. See Figure 5.
It will now be shown that the optimal state space triangulation can always be found using pre-elimination where
we limit the choice of extra edges to the set of fill-in edges that will be ancestral. We note here, however, that it is not
sufficient for optimal state space to simply add all ancestral edges to the graph (See Figures 6a,b).
Lemma 36. Consider a graph G with node cardinalities ≥ 2 and triangulation T (G). Suppose an edge (p, c) is added
to form triangulation Tnew (G). If S(Tnew (G)) < S(T (G)) then (p, c) is ancestral with respect to some deterministic
node n.
Proof. Lemma 15 gives that there is only one maximal clique containing (p, c). From lemma 16, the state space can
not decrease if the maximal clique in Tnew (G) which contains p and c is made up only of random variables. The
maximal clique in Tnew (G) containing p and c must also have some deterministic variable, n which contributes to the
state space in T (G) but does not contribute in Tnew (G). That is, there are maximal cliques C1 , C2 ∈ T (G) where
p ∈ C1 , c 6∈ C1 , c ∈ C2 , p 6∈ C2 , and n ∈ C2 , so that the addition of (p, c) creates a maximal clique Cnew = C1 ∪ C2
and p, n, c ∈ Cnew . Node c can not be a parent of n or else (p, c) would have existed in T (G) from moralization.
Therefore, (p, c) is ancestral with respect to deterministic node, n.
Theorem 37. Elimination with pre-elimination edge addition where the extra edges are limited to ancestral edges is
sufficient to find an optimal state space triangulation when all cardinalities are ≥ 2.
Proof. We are given a graph G = (V, E) and desire to obtain an optimal state space triangulation T (G) = (V, E ∪ F ).
First, define the set of edges, A, as any edge ∈ F which is ancestral in T (G). Next, construct G 0 = (V, E ∪ A). T (G)
is a triangulation of G0 with fill-in F 0 = F \ A. Next we want to conclude that F 0 forms a minimal triangulation of G0 .
Assume that this conclusion is not true, and there is a set of edges M ⊂ F 0 such that Tmin (G0 ) = (V, (E ∪ A) ∪ M )
is triangulated. From Lemma 7 there is an increasing sequence of graphs which differ by one edge beginning with
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Tmin (G0 ) and ending with T (G). S(T (G)) is optimal so S(Tmin (G0 )) ≥ S(T (G)). If S(Tmin (G0 )) > S(T (G))
at least one graph in the sequence of graphs from Tmin (G0 ) to T (G) must have a lower state space than the previous
graph. From Lemma 36, this is a contradiction because F 0 does not contain any ancestral edges. Therefore, F 0 is a
minimal triangulation of G0 and T (G) is an elimination graph of G0 . If S(Tmin (G0 )) = S(T (G)) we have not shown
a contradiction but Tmin (G0 ) is also an optimal triangulation and is an elimination graph of G0 . In either case, all extra
edges are ancestral.
We leave it as an open problem to determine if there are other conditions which define a smaller set of edges that
are necessary for finding optimal state space triangulations.
6.1.2

Ancestral Edge Heuristics

Pre-elimination with ancestral edges gives a framework for finding triangulations in networks with deterministic dependencies, but gives no guidance on which ancestral edges should be chosen. This section describes a pre-processing
step which adds ancestral edges to a graph, and this new graph is then triangulated using standard elimination heuristics. The heuristics given here will only choose edges from what we will define as the original graph ancestral edges.
An original graph ancestral edge is a fill-in which would be ancestral when when added to the original graph, or
ancestral after other original graph ancestral edges have been added.
Definition 38. (uk , vk ) is an original graph ancestral edge of G = (V, E) if (uk , vk ) ∈
/ E and there is
a sequence of graphs G1 = (V, E ∪ {(u1 , v1 )}), G2 = (V, E ∪ {(u1 , v1 ), (u2 , v2 )}), ...,Gk = (V, E ∪
{(u1 , v1 ), (u2 , v2 ), .., (uk , vk )}) where (ui , vi ) is ancestral in Gi , i = 1...k.
It is an open problem to determine a bound on the number original graph ancestral edges. It is at least O(2 |V | ), but
2
there are no examples showing that the number of original graph ancestral edges can grow as O(2 |V | ). Considering
only original graph ancestral edges does not consider all possible ancestral edges. The fill-in due to an elimination
step could increase the potential number of ancestral edges. To consider all possible ancestral edges one would need to
determine the original graph ancestral edges with respect to each possible elimination graph. Such a technique would
require more computation, but might give better triangulations.
Three heuristics for deciding which extra edges to add are proposed here. The first is to use all original graph
ancestral edges, called pre-all. The next is to randomly select a subset of original graph ancestral edges, called
pre-random. The last heuristic is to choose the original graph extra edges which are locally optimal, called pre-lo.
That is, if we have a deterministic node, v, with parents pa(v) and child or neighbor c, the set of edges between c and
pa(v) is locally optional if S(c ∪ v ∪ pa(v)) < S(c ∪ v) + S(v ∪ pa(v)).
6.1.3

Weaknesses of the Heuristics

It might at first seem that either the pre-all or the pre-lo heuristic can always find the optimal augmented graph,
transforming the problem into a standard elimination search. This section seeks to demonstrate why these heuristics
(or some equivalent graph transformation) will not always work. The main difficulty is that the decision to add an
ancestral edge can not be made optimally without considering the entire triangulation.
In Figure 6(a) with d deterministic the choice of adding ancestral edges will depend only on the cardinality of d.
Suppose |a| = |b| = |c| = |e| = 10 and |d| = 40, then the graph will have a state space of 900 without any fill-in and
a state space of 2000 when, as is Figure 6(b), all ancestral edges have been added. In this case it is easy to see that no
ancestral edges should be added and any perfect elimination order can be used.
In Figure 6(c) with d again deterministic, the decision is not so simple. Either (a, c) or (f, g) and either (b, e) or
(d, h) needs to be added in order to triangulate the graph. Just as in Figure 6(a) it is not locally optimal to add the
ancestral edges, but if (a, c) and (b, e) are added to triangulate the graph, as in Figure 6(d), the ancestral edges might
now be beneficial. If the cardinality of all of the random variables is 10 and the cardinality of d is 40, then Figure 6(d)
has a state space of 12100, but Figure 6(e) which includes the ancestral edges has a state space of only 6000.
Now suppose |f | = |h| = 2 and as before |d| = 40 and the others have a cardinality of 10. Now the best state
space triangulation is seen in Figure 6(f). The edges (b, f ) and (a, h) are not original graph ancestral edges, but become
ancestral only after (f, d) and (d, h) are added. This triangulation can not be found through the given heuristics, and
could only be found by an algorithm which examines the possible ancestral edges after every elimination step.
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Figure 6: Graphs illustrating the weaknesses of the extra edge heuristics
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Table 1: Results on real-world graphs. The first three columns are the state spaces of the prologue, chunk, and epilogue
partitions. The fourth column is the state space when these triangulations are used to unroll the graph to 100 frames.
State spaces are given in log10 . The fourth column is inference time in seconds.
Multi-Stream Training
elim. only
pre-edge all
pre-edge random
pre-edge local
completed
edge anneal
elim. anneal
Aurora Training
elim. only
pre-edge all
pre-edge random
pre-edge local
completed
edge anneal
elim. anneal
Edit Distance Training
elim. only
pre-edge all
pre-edge random
pre-edge local
completed
edge anneal
elim. anneal

6.2

P

C

E

100x

Seconds

2.94
0.90
1.00
1.41
0.90
0.96
2.54

4.46
4.05
4.06
4.24
4.05
4.06
4.23

4.60
4.65
4.67
4.56
4.65
4.19
4.32

6.46
6.07
6.08
6.25
6.07
6.06
6.24

894.6
549.9
586.3
585.4
557.2
403.8
477.9

2.06
0.90
1.00
1.15
0.90
0.95
2.07

2.96
2.85
2.85
3.02
2.85
2.89
2.97

3.29
3.15
3.25
3.25
3.15
3.07
3.16

4.97
4.86
4.86
5.03
4.86
4.90
4.98

56.8
50.3
50.0
47.7
50.1
50.1
55.9

1.41
1.41
1.41
1.41
1.40
1.40
1.41

5.09
5.09
5.09
5.09
5.09
5.09
5.09

5.39
6.49
5.40
5.39
6.49
5.39
5.39

7.10
7.19
7.10
7.10
7.19
7.10
7.10

156.7
157.3
157.7
157.1
157.3
157.1
157.8

GENERAL PURPOSE STOCHASTIC SEARCH

In the case when a graph is used many times, used on large data sets, or when fast heuristic searches do not provide an
adequate solution, a stochastic search is often desirable. In a stochastic search one wishes to move around the search
space in a manner such that each move results in is a small change from the previous state, and all states are reachable
through such a series of moves.
Theorem 39. Given any two triangulations of a graph, Ta (G) and Tb (G) there is a sequence of triangulated graphs
Ta (G), T1 (G), T2 (G), ..., Tb (G) with only a single edge difference between subsequent graphs in the sequence.
Proof. Suppose both Ta (G) and Tb (G) are spanning subgraphs of Ts (G), from Lemma 7 one can create a series of
graphs from Ta (G) to Ts (G) and from Lemma 8 create a sequence from Ts (G) to Tb (G). All triangulations of G are
spanning subgraphs of the triangulation formed by completing the set of all vertices.
In Section 7, this method is used inside a simulated annealing algorithm, similar to the elimination annealing
algorithm given in [14]. An ancestral edge that is missing in the original graph is chosen randomly. If the edge exists
in the current triangulation it is removed, and if it does not exist it is added. If the resulting graph is not triangulated
the change is undone and a new edge is chosen. The state space of the resulting triangulation is calculated and it is
accepted or rejected based on the state space of the previous triangulation and the current annealing temperature.

7 RESULTS
We present results for two types of graph. First, we applied our results on a set of dynamic Bayesian networks (DBNs),
consisting of mixed random/deterministic variables, many of which are used for real-world speech recognition and
language tasks. Such dynamic networks often crucially rely on deterministic implementations to make the models
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Table 2: Results on real-world graphs. The first three columns are the state spaces of the prologue, chunk, and epilogue
partitions. The fourth column is the state space when these triangulations are used to unroll the graph to 100 frames.
State spaces are given in log10 .
Phone Free Decoding
elim. only
pre-edge all
pre-edge random
pre-edge local
completed
edge anneal
elim. anneal
Ears Decoding
elim. only
pre-edge all
pre-edge random
pre-edge local
completed
edge anneal
elim. anneal

P

C

E

100x

6.92
2.21
2.21
2.21
5.82
2.36
2.39

9.84
10.41
9.78
9.84
13.21
8.77
8.77

8.80
12.32
9.58
8.61
18.55
8.79
8.30

11.8
12.7
11.8
11.8
18.6
10.8
10.8

6.86
6.70
6.70
6.70
6.70
6.70
6.71

9.04
9.58
9.58
9.03
9.58
9.03
9.03

8.99
9.88
9.84
8.99
9.88
8.90
8.90

11.0
11.6
11.6
11.0
11.6
11.0
11.0

they express tractable. The second set of results come from a set of randomly generated static Bayesian networks with
mixed deterministic and random node implementations.
The first set of results, given in Tables 1 and 2, examine the performance of the heuristics on real-world speech
recognition and string DBNs. Multi-Stream Training [26, based on Figure 2] and Aurora Training [10] are used in
digit recognition systems. Edit Distance Training is used to train costs for Levenstein distance and contains 8 variables
per frame. Phone Free Decoding is used in an isolated word recognition system. This graph has 40 variables per
frame, 11 of which are observed. Ears Decoding 1 is a graph for word recognition with cross-word dependencies
and has 11 variables per frame. The DBNs are divided into three partitions: a prologue (P), chunk (C), and epilogue
(E) as described in [5]. Results are given for each graph partition, the graph unrolled 100 times, and in Table 1,
inference wall-clock time on real (but a small set of) data. All results are the base 10 logarithm of the state space.
The label ’elim. only’ is the best triangulation found after multiple iterations of a number of standard elimination
heuristics. These include minimum fill, minimum size, minimum weight [14], maximum cardinality search [24],
random orderings, and various combinations of these. Pre-all, pre-random, and pre-lo are the pre-processing steps
described in Section 6.1.2 followed by the same suite of elimination heuristics. Completed is combining the entire
chunk into a single clique, ’edge anneal’ is the technique described in Section 6.2, and ’elim. anneal’ is annealing over
elimination orders as described in [14].
In Multi-Stream Training the extra edge heuristics see a significant performance increase over the standard heuristics, and edge annealing outperformed elimination annealing. In Aurora Training the techniques not limited by elimination outperformed the elimination techniques, but to a lesser degree. Improvements were not seen in Phone Free
Decoding and Ears Decoding. The last two graphs (Table 2) were not timed because the memory requirements of
standard methods for exact inference are too large, but inference could be performed with these triangulations when
pruning and/or sampling techniques are applied.
Next, 50 static (non-DBN) graphs were randomly generated for the next set of results. The graphs have 30 variables, a maximum of 87 edges, and variables have a 0.5 probability of being deterministic. Hidden variables have
cardinalities of 2 to 5, observed have cardinalities of 50, and deterministic have cardinalities from 2 to the product of
their parents’ cardinality with a maximum of 125. No preprocessing, pre-all, pre-random, and pre-lo are followed with
elimination using minimum fill, minimum weight [14], random, and maximum cardinality search. Elimination and
edge annealing were also performed. Each heuristic was given five minutes of running time; the annealing methods
needed many hours to complete. Inference was performed using random data and the results were quite dramatic.
Often the triangulations were intractable without the ancestral edge step, but ran in a few seconds with it. For each
1 thanks

to Karim Filali, Karen Livescu, and Ozgur Cetin
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Figure 8: whee Transformation of Figure 2
graph the state space of each method was ranked, and the chart in Figure 7 shows the percentage of time each method
gave the best score, second best score, and so on. Edge annealing gave the best result on 52% of the graphs. The best
heuristic methods were pre-random and pre-all followed by minimum weight.

7.1

OTHER METHODS

This section describes two alternative approaches that in order to compare with those that were implemented and tested
above. These approaches do not appear to have any fundamental advantages over the approaches used in this work,
but might yield effective results if implemented and tested experimentally and are moreover interesting in their own
right to contrast against the methods above.
7.1.1

Graph Transformations

One alternative to adding ancestral edges is to instead transform the graph into one which does not include the deterministic variables, and then make use of a minimal triangulation. Such a strategy would work on the graph in Figure 2
and is illustrated in Figure 8. However, this does not make the search problem any easier then our fill-in approach
because in the general case one would not know the complete benefit of a graph transformation without considering
the entire triangulation. The problem is the same as choosing ancestral edges, and as seen in Section 6.1.3 there does
not appear to be a simple solution for choosing them. One could devise a method which combines a search over the
possible transformations and also the minimal triangulations of these graphs, but this does not appear to have any
computational or conceptual advantages over the more uniform approach of searching all choices of fill-in. A graph
transformations also has the disadvantage in that it might remove variables which are useful to the graph designer. For
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example, one might want to know the most likely assignments of a set of variables, some of which include nodes that
have been transformed out of the graph — staying in the realm of triangulation by edge fill in would require no change
to an inference algorithm in order to extract such information.
7.1.2

Post-Elimination Ancestral Edges

One could also find optimal triangulations by adding extra edges to a graph after a triangulation is found through
elimination. The advantage of this method is that one would know the location of all of the fill-in edges and hence
the location of all the ancestral edges. The biggest disadvantage is that the addition of some ancestral edges might
cause the graph to no longer be triangulated and this would need to be monitored. One could also effectively add
post-elimination edges though some algorithm which combines the nodes of a junction tree. The main difficulties are
determining how to choose the initial triangulation and taking into consideration that there are many possible junction
trees for a given triangulation. Again, post-elimination edge addition would be an interesting topic for future work and
might prove effective, but does not offer any immediately obvious advantages in reducing the search space.

8 CONCLUSION
This paper gave an algorithm for the detection of triangulations which are not elimination graphs. It also gave a new
prove that deciding if a graph has a triangulation with state space beneath a threshold is NP-complete. It was shown
that elimination alone is not adequate for finding triangulations in many graphs which have deterministic dependencies,
and heuristic methods and a stochastic search method for finding better solutions were given. Future work will be done
to find a tighter bound for how close to optimal elimination in the presence of observations can come to the minimal
state space solution. Work will also be done to determine if constraints can be found to limit extra-edges to sets smaller
than the the ancestral edges, analyze the effects of examining the potential ancestral edges at every elimination step,
and to evaluate the heuristics suggested in Sections 6.1.3 and 7.1.
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