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Abstract

As the demand for wireless broadband data services grows, it becomes increasingly important to address the is-
sue of optimal resource allocation. Specifically, such allocation should address not only Quality of Service (QOS)
requirements, but continually changing resource demands. In this paper, we consider a data-only multi-sector wide-
band CDMA network with arbitrary layout of sectors and base-stations. Optimal transmission rate allocation for such
a network is examined. Using an optimization framework, we develop the conceptual basis for a distributed algo-
rithm for finding the optimal rate assignments using information available to the mobiles. We then use this to propose
practical algorithms at the bases as well as the mobiles. These algorithms provide a proportional fair transmission
rate/interference control scheme. Finally, we examine the dynamic behavior of such a distributed algorithm in the
presence of realistic physical conditions such as shadowing and mobility.

1 Introduction

As the applications of wireless networks (such as cellular systems) spread to various fields, the demand for wireless
broadband data services increases. Due to the inherent differences between the statistical behavior and Quality of
Service (QoS) requirements of a data connection with those of a voice user, new challenges and problems in the design
of future generations of wireless systems arise. More specifically, in such systems where throughput and fairness are
essential elements of QoS provisioning, the need to revisit the question of optimal resource allocation becomes crucial.
We believe that it is of extreme importance for wireless broadband data networks to have characteristics similar to
modern IP networks. In particular, it is important for such networks to respond to randomly fluctuating demands and
failures by adapting rates in a scalable and decentralized manner.

In this paper we address the issue of decentralized rate assignment in a data only (DO) multi-sector wideband
CDMA network. In particular, we focus on a wideband CDMA network with an arbitrary layout of sectors and base-
stations serving variable mobile rates, similar to the recently deployed commercial CDMA2000 1xEV-DO systems.
Although power control in voice-based cellular systems has received a good deal of attention (see [3], [14], [29],
[12], [22]), the variable rate-assignment problem has only recently begun to receive attention. The authors in [7] and
[10] examine the rate-assignment problem for both single and multi-sector CDMA systems, but leave the issue of
decentralized non-uniform rate-assignment unaddressed. In contrast, the authors in [18] examine the variable rate-
assignment problem in the context of a single cell. Our study is strongly motivated by [18], although we focus on a
multi-sector system. Finally, the authors in [24] and [25] propose algorithms that jointly optimize both transmit power
and spreading-gain (i.e. rate). The focus in these papers, however, is a data-voice (DV) system dealing with both
real-time and non-real-time traffic.

The remainder of the paper is organized as follows. Section 2 introduces a common interference model for CDMA
systems, which is used in Section 3 to investigate the existence of feasible rate allocations in power controlled cellular
systems. Understanding the role of power control and its effects are crucial in determining a constraint describing the
feasibility of a rate allocation vector, i.e. a feasibility region. In addition, we consider a linearized subset of this feasi-
bility region to reduce the computational complexity of finding an “optimal” rate over the feasibility region. In Section
4, we formulate an “optimal” rate allocation problem, and discuss how the notion of optimality can be formulated to
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achieve either high overall throughput or fairness. In Section 5, we show that under the assumption of time-invariance
of network layout and channel quality, and subject to the linear feasibility constraint, finding an optimal rate allocation
reduces to a general utility optimization framework. Capitalizing on an economic interpretation of the problem, we
propose a distributed algorithm at the mobiles and bases, whose equilibrium point coincides with the desired solution.
In other words, we propose two sets of algorithms: 1) the transmission rate control algorithm implemented at each
mobile to react to varying levels of interference, and 2) the base-stations’ interference management algorithm which
measures the interference and produces interference indicator signals. The rate control algorithm at the mobiles uses
a combination of its desirable QoS (rate utility) and interference indication signals from the bases to self-tune its
data flow. Conceptually, this forms a distributed feedback system, similar to the rate-based flow control (e.g. TCP)
and the active queue management (e.g. RED) in IP networks [19], [20]. Section 6 provides numerical examples and
simulation results, including algorithm performance under dynamically varying conditions. Finally, Section 7 has our
conclusions and areas of future work

2 Interference Model for CDMA Systems

We use the following notations and assumptions. There are a total ofN mobiles andL sectors. Thetracking sector
for mobile i is the sector to which the mobile belongs, and whose base transmits power control signals to the mobile
(tracking the mobile), and is denoted byb(i). Ml, l = 1, . . . , L, is the set of mobiles which are being tracked by sector
l, i.e. i ∈ Ml iff l = b(i). For simplicity, we assume thatMl, l = 1, . . . , L are mutually disjoint (no soft hand-off)
[30].

The channel power gain from mobilei to sectorl is denoted bygil and incorporates both path gain and antenna
gain. We further assume that ifi ∈ Ml, thengil > ε. W is the chip bandwidth andRb is the pilot rate.

Pi is the transmitted power for useri, andαi is the proportion of mobilei’s bit rate to its pilot rate. Note that
0 ≤ Rbαi ≤ W , whereRbαi = W corresponds to no spreading. The spreading gain is defined assi = W

Rbαi
.

Consider mobilei which is tracked by sectorl = b(i). The bit energy per interference power density of mobilei
at base stationl can be written as

(
Eb

I0

)l

(i) =
siPigil

N0W +
∑

j 6=i Pjgjl
(1)

whereN0 is the thermal noise density. The signal-to-interference ratio of mobilei at base stationl can then be written

asSINRl(i) =
(

Eb

I0

)l

(i)
(

Rbαi

W

)
. Note that in order to keep BER the same (determined byEb

I0
), an increase in

transmission rate of a mobile must be matched by an equal increase in power. This is due to the linear relationship
between rate and power when operating in a low signal-to-noise ratio regime (i.e.log(1 + x) ≈ x) [18].

Definition 1. The rise over thermal (ROT) is defined as

Zl =
∑N

i=1 Pigil

N0W
(2)

and indicates the ratio between the total power received from all the mobiles at the base stationl and the thermal
noise [1].

3 Feasible Rate-Power pairs

We say a vector of rates(α1, . . . , αN ) is a feasible solution if there exist a “feasible” vector of transmission powers
(P1, . . . , PN ) that guarantees an acceptable pre-specified level of bit energy per interference power density,γ, for each
of the users; i.e. the following condition is satisfied

C1. siPigil

N0W+
P

j 6=i Pjgjl
≥ γ ∀i ∈ Ml.

Here, the definition of “feasible” power vector depends on the application and also the design of the system. In
this paper, we consider three alternative definitions. The rest of this section is dedicated to defining these feasibility
conditions on power and how they can be translated into a rate feasibility region.
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In order to determine the feasibility region independently from the power vector, we introduce the following
definitions:

Definition 2. For each useri, we define the quantity effective rate to beri = 1
γ+si

= Rbαi

γRbαi+W .

Note that this is closely related to the notion ofQi(S) in [18].
For the most of the paper, we make the following technical assumption.

Assumption 1. For every basel, we assume that
∑N

i=1
gil

gib(i)
ri < 1

γ .

This assumption, in effect, guarantees the existence of a non-negative power vector which provides acceptable bit
energy per interference power density (≥ γ) for all mobiles (see Appendix III for a more detailed explanation).

Definition 3. We define the normalized rate of useri tracked by sectork to be given asRik = riΨik

gik
. And the matrix

of normalized rates to be defined as matrixR = [Rik] of dimensionN × L.

Define the gain matrixG of dimensionL×N such thatGli = gil.

Proposition 1. Consider theL× L matrixGR. Under Assumption 1, the matrix(I − γGR) is invertible.

Proof. Assumption 1 implies that‖GR‖∞ < 1
γ , or ‖γGR‖∞ < 1. Now we use the following fact: a matrixA is

invertible if there exists a norm‖ · ‖ such that‖I − A‖ < 1 (see [13], Corollary 5.6.16, page 301). This implies that
the matrix(I − γGR) is invertible.

Note that matrixGR is closely related to matrix F in [2], [3], [4], [8] when the rates are equal. Assuming perfect
power control (Condition C1), the elementlk of matrix GR = [ρlk] = [

∑
i∈Mk

gil

gik
ri] represents the total effective

rate of sectork as it is perceived at the basel.
Now, using the above notions, we seek to translate the feasibility conditions on the power vectors into three

alternative rate feasibility regions by considering Condition C1 as an equality.

3.1 Power-Limited Feasibilty Region: A Maximum Transmission Power Constraint

The most common condition for feasibility is to limit the transmission power of each mobilei to Pmax
i at all times. In

other words,

C2. 0 ≤ Pi ≤ Pmax
i ∀i

Definition 4. A vector of ratesα = (α1, . . . , αN ) is said to be power-limited feasible if there exists a power vector
(P1, . . . , PN ) that satisfies Conditions C1 and C2.

Theorem 1. Under Assumption 1, a vector of ratesα = (α1, . . . , αN ) is a power-limited feasible rate assignmentiff
the vector of effective ratesr = (r1, . . . , rN ) satisfies Condition C1’:

C1’. R(I − γGR)−11L ≤ 1
γN0W Pmax,

where1M is a vector of dimensionM whose elements are all1, andPmax is a vector of sizeN with elementsPmax
i .

We denote by∆P thepower-limited feasibility region, i.e. the set of all rate vectorsα that satisfy C1’.

Proof. See Appendix I.

3.2 ROT-Controlled Feasibility Region: A Maximum Interference Constraint

In this section we consider an alternative feasibility condition that limits the total received power at each base-station
(very common in industry practices and standards [1]). Recall the definition of rise over thermal given by (2) in Section
2. Considering Condition C1 as an equality and combining it with (2), we have

Pi =
γN0Wri(1 + Zb(i))

gib(i)
. (3)

UWEETR-2003-0020 3



or, in matrix form,
P = γN0WR(1L + Z) (4)

We believe that the advantage of limiting ROT rather than individual power is three fold: 1) guarantees that
the variation in instantaneous transmitted power for each user is small, 2) it provides a significant reduction in the
number of constraints, and 3) it provides a higher level of robustness to random channel variations such as fading and
shadowing. The first advantage is a direct result of (4). Furthermore, limiting total power results in a reduction in the
number of constraints fromN to L. The third advantage can also be intuitively explained using (4): variations in gains
(manifested by perturbations inR) cause variations in the required power which are magnified by(1L + Z). As a
result, limitingZl by some valueK increases the robustness of the power control mechanisms. We discuss this further
in Section 6.

Now we define our alternative condition based on limiting ROT.

AC1. Zl ≤ K, whereK is a fixed value.

Remark:Note that ifK ≤ εPmax
i (smin

i +γ)
γN0W for ∀i, then Condition AC1 implies Condition C2.

We then use Condition AC1 to provide a definition of ROT-controlled feasible rates.

Definition 5. A vector of ratesα = (α1, . . . , αN ) is said to be ROT-controlled feasible if there exists a power vector
(P1, . . . , PN ) that satisfies Conditions C1 and AC1.

Theorem 2. Under Assumption 1, a vector of ratesα = (α1, . . . , αN ) is anROT-controlled feasible rate assignment
iff the vector of effective ratesr satisfies

AC1’. (I − γGR)−1.1L ≤ (1 + K)1L

We denote by∆Z theROT-controlled feasibility region, i.e. the set of all rate vectorsα which satisfy Condition AC1’.

Proof. See Appendix I.

3.3 Linearized Feasibility Region: A Simplex Subset of the ROT-Controlled Region

Searching for a rate vector over the above feasibility regions requires computationally expensive matrix operations.
Our goal in this section is to propose linear constraints on effective rates (as seen later, allowing for a decentralized
solution). Conceptually, this is motivated by the notion of effective bandwidths (see [9], [11], [15]).

Theorem 3. A vector of ratesα = (α1, . . . , αN ) is an ROT-controlled feasible rate assignment if the vector of effective
ratesr satisfies

LC1.
∑N

i=1
gil

gib(i)
ri ≤ K

γ(1+K) ∀ l = 1, . . . , L

Proof. See Appendix II.

Note that these linear constraints guarantee ROT feasibility but result in a strictly smaller feasibility region. This,
in general, results in a loss of optimality.

We denote by∆L thelinearized feasibility region, i.e. the set of all rate vectorsα which satisfy the linear inequality
give by Condition LC1.

Remark:Notice that Condition LC1 guarantees the validity of Assumption 1.
Figure 1 shows the power-limited (∆P ), ROT-controlled (∆Z), and linearized (∆L) feasibility regions of rates

for a simple scenario involving 2 bases placed 2500 m apart, and 2 randomly positioned mobiles - one of which is
assigned to each base. In order to show a meaningful feasibility region, we ignore any antenna gain factors for this
scenario. Figure 1 shows the feasibility regions∆P , ∆Z , and∆L. Figure 2 shows the same feasibility regions, but in
terms of effective (rather than actual) transmission rates. We see here the reason for the introduction of effective rates
- the non-convex regions shown in Figure 1 become convex as a function of effective rate. Additionally, in Figure 2 we
identify the active constraint associated with each portion of the feasibility region boundaries, as noted in the figure.
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4 Rate assignment: Overall Throughput versus Fairness

In this section we introduce the notion of “optimal” rate assignment. As shown above, one can identify a feasibility
region∆ (power-limited∆P , ROT-controlled∆Z , or a linearized approximation∆L) consisting of rate vectors which
can be served in a cellular structure, while various constraints on transmission power are met. Our goal here is to
underline the desirable properties of various rate assignments and to specify the trade-off between fairness and overall
throughput. Ultimately, after defining a reasonable measure of fairness/throughput, we seek to distinguish an “optimal”
rate vector chosen from the feasibility region. Mathematically, we seek to define an appropriate objective function of
transmission rates,F (α) := F (α1, . . . , αN ), and solve the following:

(αopt
1 , . . . , αopt

N ) := arg max
α∈∆

F (α). (5)

4.1 Overall Throughput

The overall throughput of a system with rate vectorα is defined to be the sum of the rates assigned to the mobiles, i.e.

F (α1, . . . , αN ) =
N∑

i=1

Rbαi. (6)

We can generalize this by considering the case when users have a limited number of packets to send, and thus benefit
only from a limited transmission rate. This can be modeled asF (α1, . . . , αN ) =

∑N
i=1 Ui(αi), where

Ui(αi) :=
{

Rbαi if αi < αmax
i

Rbα
max
i if αi ≥ αmax

i
(7)

whereRbα
max
i ≤ W is useri’s maximum transmission rate.

Note that in the case of a single-cell system, this problem can be converted to the throughput maximization problem
studied in [31] where the nature of the solution is shown to be an opportunistic scheduling. The multi-sector case is
more complicated, and we do not attempt to provide an analytic solution for it in this paper. The numerical solution
is shown in Figure 1 for various definitions of∆ and manifest an opportunistic solution where the user with the best
channel getsrmax, while the other is given the left-over rate (the filled circles).

4.2 Max-Min Fairness

As seen in Figure 1, the maximum overall throughput might be achieved only at the cost of specific users. In other
words, maximum overall throughput and fairness are traded-off in most scenarios. There are several ways to address
the issue of fairness in resource allocation. One of the most common ways to address fairness is the max-min fair
criterion [16], [17], [28].

Definition 6. A vector of rates(α∗1, α
∗
2, . . . , α

∗
N ) is max-min fair if it maximizes the minimum assigned rate in the

network (hence, the term max-min); i.e. for any feasible rate vector(α1, α2, . . . , αN ) we have

min
j

α∗j ≥ min
j

αj . (8)

This corresponds to the solution to (5) whereF (α1, . . . , αN ) = minj αj .
Remark: Our definition of max-min fair rate assignment is less specific than the max-min fairness as defined in

[17]. In fact, if a rate vector is max-min fair in the context of [17], it is max-min fair in our context but the reverse is
not true. When the max-min solution is unique, however, our solution is also max-min fair as defined in [17].

Theorem 4 below shows that there always exists a max-min fair rate for whichα1 = . . . = αN .

Theorem 4. Consider the feasibility region∆ (= ∆P , ∆Z , ∆L). If the vector(α∗1, α
∗
2, . . . , α

∗
N ) is a max-min fair

solution over∆, then the vector(α̃1, α̃2, . . . , α̃N ) such thatα̃i = minj∈Mb(i) α∗j for ∀i is also a max-min fair solution.
Similarly, the vector of all equal rates(α̂, α̂, . . . , α̂), α̂ = min1≤j≤N α∗j is a max-min fair solution.

UWEETR-2003-0020 5



Proof. Consider mobilei such thati ∈ Ml andα∗i > minj∈Ml
α∗j . Mobile i can reduce its rate tõαi = minj∈Ml

α∗j
while transmitting at the same power. This will result in a lower rate transmission but with better bit error rate (BER)
for mobilei without changing the SINR of other mobiles. This would imply that the new rate vector(α∗1, α

∗
2, . . . , α̃i, . . . , α

∗
N )

is both a feasible rate allocation and satisfies (8) (this proves that all of the rate feasibility regions defined in the last
section are coordinate convex [18]). Hence the above vector is a max-min fair solution.

Similarly, every user whose rate is not the minimum rate can reduce its rate to the minimum allocated rate (notice
that this minimum rate, by definition, is maximized).

It is easy to construct examples where the max-min fair solution (in the context of Definition 6) is not unique. For
instance, the overall max-min fair solution is not unique if there is no inter-cell interference between neighboring cells
(hence, many decoupled cells) with asymmetric loads (in terms of number of mobiles and their locations). In such
cases as seen in the above proof, reducing the rates while maintaining the same power, in effect, results in an overall
consumption of less bandwidth, i.e. the rate assignment(α̂, α̂, . . . , α̂) might be too inefficient. In other words, when
more than one solution exists, a more interesting question remains to find the most efficient max-min fair solution, e.g.
the one achieving the best overall throughput among all max-min fair solutions.

On the other hand, we believe that under realistic situations where the inter-cell interference is non-zero between
any two neighboring cells, the max-min fair rate vector over∆P , ∆Z , or ∆L is unique. Unfortunately, we have not
been able to prove this rigorously. Instead we present the following conjecture.

Conjecture 1. Consider the (voice-based) intercell gain ratio matrixΛ = [
∑

i∈Mk

gil

gik
]. If matrix Λ is irreducible

([13], pages 360-362), the max-min fair solution(α∗1, α
∗
2, . . . , α

∗
N ) over∆L, ∆Z or ∆P is unique and is such that

α∗1 = α∗2 = . . . = α∗N .

The unique (all equal) max-min solution is shown in Figure 1 for various notions of feasibility regions.

4.3 Proportional Fairness

To address the issue of fairness, other performance measures such as proportional fairness can be used [17], [23]. This
is equivalent to a utility maximization (solution to (5) whenF (α) =

∑N
i=1 Ui(αi)) where mobilei’s utility is defined

as:

U2
i (αi) :=

{
log(Rbαi) if αi < αmax

i

log(Rbα
max
i ) if αi ≥ αmax

i
(9)

Hence, we seek to solve:

max
r∈∆

N∑

i=1

U2
i (

Wri

1− γri
) (10)

where∆ can be either∆P , ∆Z , or ∆L. The diamonds in Figure 1 show the solutions to (10) considering various
notions of feasibility regions. Note how the proportional fair solutions are the intermediate solutions between max-
min fair and maximum total throughput.

5 Distributed Proportional Fair Rate Assignment

Consider the following problem:
Problem (P)

Consider the model introduced in Section 2 andU2
i in (9). We seek to solve the following:

max
r≥0

N∑

i=1

U2
i (

Wri

1− γri
) (11)

subject to

max
l

N∑

i=1

gil

gib(i)
ri ≤ K

γ(1 + K)
,

UWEETR-2003-0020 6



As we will see in this section, under realistic scenarios this problem has a distributed solution. This is extremely
desirable for the practical design of DO systems. The rest of this section provides this distributed solution to Problem
(P).

We now make the following assumption:

Assumption 2. Each useri’s maximum rate is such thatRbα
max
i < W

γ .

This assumption is necessary if we assume no user is allowed to monopolize the total bandwidth, i.e. each user’s
transmission rate is such that, even at its maximum, it still leaves half of the total effective bandwidth unused, i.e.
ri ≤ K

2γ(K+1) . It is easy to show that, under Assumption 2, Problem (P) reduces to optimizing a strictly concave
function subject to a set of linear constraints. In other words, Problem (P) can be solved using the dual method.

Consider the Lagrangian

L(r, µ)

=
N∑

i=1

U(ri)−
L∑

l=1

µl(
N∑

i=1

gil

gib(i)
ri − K

γ(1 + K)
)

=
N∑

i=1

(
U(ri)− ri(

L∑

l=1

gil

gib(i)
µl)

)
+

K

γ(1 + K)

L∑

l=1

µl

whereU(ri) = U2
i ( Wri

1−γri
).

SinceU(r) is a monotone non-decreasing and concave function ofr, there is no duality gap [21]. Hence, the above
optimization problem can be addressed by solving the dual problem:

min
µ≥0

N∑

i=1

φi(pi) +
K

γ(1 + K)

L∑

l=1

µl (12)

wherepi =
∑L

l=1
gil

gib(i)
µl and

φi(pi) = max
ri

(U(ri)− ripi). (13)

Equations (12) and (13) are powerful tools in proposing distributed algorithms in the studied system. Convex
duality implies that at the optimumµ∗ (which may not be unique), the optimumr∗ (maximizing the individual utility
minus the cost in (13)) is exactly the solution to the primal problem. In other words, provided the equilibrium prices
µ∗ can be made to align with the Lagrange multipliers, the individual optima, computed in a decentralized fashion by
sources, will align with global optima of (11). Furthermore, we will see how a simple gradient projection method can
provide an effective method to compute the optimumµ∗.

A natural way to interpret the above Lagrangian multipliers is to introduce a price per unit rate,pi. Note that
these prices are not dollar value prices, but rather regulating/coordinating signals which are produced by each base
station to indicate the level of interference at each sector. In this way, each mobile uses the indication of high levels
of interference to back off its rate appropriately. These interactions form the basis for our proposed congestion rate
control protocols.

For now, let us assume that each base makes an announcement of an optimum multiplierµl. Under such a scenario,
each mobile is only required to vary its rate according to the following expression to maximize its own “profit.”

ri = arg max
r

(U(r)− r

L∑

l=1

gil

gib(i)
µl). (14)

Mobile Algorithm: At each computation epoch, each mobile has to compute its (seemingly selfish) optimal rate

by solving (14). The challenge seems to be that each mobile needs to compute its weighted price
∑L

l=1
gil

gib(i)
µl. We

next show that through the introduction of pricing pilot signals,
∑L

l=1
gil

gib(i)
µl can be easily available to the mobiles

without an assumption on the mobiles’ knowledge of the channel gain valuesgil, gib(i).
In CDMA each base station transmits a pilot signal (PS) with a fixed transmission power (PP

t ) over the forward
link channel. Assuming symmetric forward and reverse link gains (a reasonably common assumption), this pilot signal

UWEETR-2003-0020 7



is usually used by mobiles to perform channel estimation and power control [1]. Similarly, we propose that aPricing
Pilot Signal (PPS)is implemented as follows. Each PPS is transmitted on the forward link channel synchronously.
The transmitted power of PPS for basel is µl times the transmission power of the primary pilot signal,PP

t . Assuming
synchronized PPS transmissions from all bases, negligible thermal noise, and symmetry between forward and reverse
links, for each mobilei we have

L∑

l=1

gil

gib(i)
µl =

EPPS
R

EP (b(i))
,

whereEPPS
R ∝ PP

t

∑L
l=1 gilµl denotes the total PPS energy measured by mobilei, andEP (b(i)) ∝ PP

t gib(i) is
the PS energy measured by mobilei from its tracking sectorb(i). In summary, at every decision epoch, each mobile

computesr∗i = arg max
(
U(r)− r

EP P S
R

EP (b(i))

)
. Mobile i then transmits its information with rateα∗i = Wr∗i

1−γr∗i
.

Our next challenge is to compute the multipliers (optimal prices) in a distributed manner at each base station over
a large network. The simplest algorithm that guarantees these equilibrium pricesµ∗ is based on the gradient projection
[20]:

µ̇l =

{
β(

∑N
i=1

gil

gib(i)
ri − K

γ(1+K) ) if µl(t) > 0

β[
∑N

i=1
gil

gib(i)
ri − K

γ(1+K) ]
+ if µl(t) = 0

=

{
β
γ (

∑L
k=1

Ykl

1+Zk
− K

γ(1+K) ) if µl(t) > 0
β
γ [

∑L
k=1

Ykl

1+Zk
− K

γ(1+K) ]
+ if µl(t) = 0

whereYkl =
∑

i∈Mk
gilPi is the interference received from sectork at the base stationl, and the second equality is

due to (3). Note that ifk andl are far from each otherYkl ≈ 0.
Base Algorithm 1: Based on the above, we propose the following algorithm:

µ̇l =

{
β
γ (

∑L
i=1

Ŷkl

1+Ẑkl
− K

γ(1+K) ) if µl(t) > 0
β
γ [

∑L
k=1

Ŷkl

1+Ẑkl
− K

γ(1+K) ]
+ if µl(t) = 0

whereŶkl andẐkl are estimates ofYkl andZk by basel. In other words, the gradient of the Lagrangian depends on
each base station’s estimate of the load of its neighboring cells. The better these estimates are, the closer the solution
is to the optimal rate assignment.

When estimation error inŶkl andẐkl are negligible, the dynamic interaction between the mobile and base algo-
rithms, in effect, simulates a gradient projection-based computation of the solution to the dual problem (12). These
algorithms are similar in nature to those studied in [5], [19], and constitute a distributed computation system. Simi-
larly, Theorems 2 and 3 in [19] can be used to establish the convergence of the distributed computation. This implies
that the proposed (decentralized) mobile and base algorithms converge to a proportional fair rate assignment. In real
systems, the performance of these algorithms depends on the ability of basel to obtain good estimates forYkl andZk.
This requires that each base 1) periodically receives information from its neighboring bases regarding their ROT, and
2) identifies sector source of the uplink interference it experiences. These are significant drawbacks for the implemen-
tation of this algorithm in real systems. Base Algorithm 2, proposed below, is a heuristic attempt to mitigate these
drawbacks.

Base Algorithm 2: Our second algorithm uses a gradient projection method, but uses an overestimation on the

value ofẐkl, in the sense that we usêZkl = K ∀l, k.

µ̇l =
{

β(Zl −K) if µl(t) > 0
β[Zl −K]+ if µl(t) = 0

This algorithm does not require any estimate of the loading of or the interference caused by the neighboring cells.
We do not have any analytical results on the convergence/equilibrium-point when Base Algorithm 2 is used. Figure

1 shows such an equilibrium point. This equilibrium in general, violates the linearized constraints LC1, but remains
limited to∆Z .
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6 Numerical Examples and Simulations

In order to examine the behavior of the distributed algorithms described in the previous section, simulations were run
using a layout of four base stations (each 2500m apart) and 20 randomly positioned mobiles. The simulations use a
cost-231 propagation model at 1.9 GHz between the mobiles and bases [1]. The values forγ and K are 4 dB and 6 dB.
The chip bandwidthW is 1.2 MHz, and the pilot rateRb is 4.8 Kbps [6]. For simulations involving mobility, a subset
of five mobiles were allowed to move using a model of constant speed (120 km/hr) and random directions. When
shadowing is modeled, we use log-normal shadowing with a standard deviation ofσ = 8dB, and the thermal noise
level is -179 dBm/Hz [6]. TheBase Algorithmis run every 20 ms, and the mobiles respond to new prices by running
theMobile Algorithmto generate new rates every 20 ms. For simulations involving power control, a closed-loop power
control mechanism is run every 5 ms using∆P=.25 dB.

Figure 3 shows a contour plot illustrating the equilibrium point of the distributed rate allocations for various
mobiles. To illustrate the dependency of rate on the sum of the gain ratios for neighboring cells, we have ignored
log-normal shadowing. We note that this shows that a proportional fair rate assignment might require unbalanced and
unequal rate assignments, differing from the present implementation in CDMA2000 standards (see [1], [7], [10]). This
result confirms that an equal rate assignment performs sub-optimally with respect to the sector capacity because it does
not distinguish the mobiles in the inner part (close to only one base) from those at the boundary whose interference
affects more than one base.

So far, we have shown that the proposed distributed algorithm converges to an equilibrium when the network
topology and gains are static. However, dynamic variations can cause significant performance degradation and may
need to be addressed. Through extensive simulations and observation, shown in Figures 4, 5, and 6, we have classified
these dynamic variations into three types: fast and random variations, sudden but quasi-static topological changes,
and persistent dynamic variations. Note that in Figures 4 and 5 we examine the effect of time-varying parameters
one at a time, while Figure 6 illustrates the performance of the algorithms in a practical setting incorporating realistic
dynamics.

Remark: Figure 4 shows the transmission rate for an individual user in the presence of dynamic variations. This
transmission rate does not necessarily represent the mobile’s throughput, as during the periods in whichROT > K
dB, the mobile encounters higher (even unacceptable) BER.
Fast and Random Variations

Fast and random variations captures the use of imperfect power control and mobility. These dynamics tend to
introduce a level of uncertainty around the equilibrium point, but only cause minor performance degradation. As seen
in Figures 4 and 5, the system performance remains close to the predicted equilibrium point even when considering a
realistic level of imperfect power control (∆P = .25dB) or mobile speeds on the order of 120 km/hr.
Persistent Dynamic Variations

Persistent dynamic variations in network setting occur continually over time, and include shadowing. Unlike
fast and random variations, however, persistent dynamic variations do cause significant performance degradation and
require some level of compensation. In other words, the time constants of significant change in network setting and
the distributed algorithm are comparable. An important example is shadowing where the time scales of change for
the gainsgil(t) are at the same order as the time constants of the distributed algorithm. In Figures 4 and 5, we see
the effect of shadowing on the algorithm performance. When considering these types of dynamics, the transient mode
is the dominant mode. Figure 6 shows the performance of the algorithms under realistic conditions for several levels
of K. We observe that when the value ofK is lowered, the algorithm tends to be more resistant to these dynamic
variations. Intuitively,K seems to be damping the transient behavior, as we had discussed in Section 3.
Sudden but Quasi-Static Topological Changes

Most topological changes can be classified as quasi-static: that is, they cause sudden and significant changes but
tend to occur sparsely over time. Examples of such changes include the addition and removal of users from the system.
Depending on the behavior of upper layer protocols, (particularly the transport layer) changes in user demand may
(or may not) be classified as quasi-static. The latter is the case when the parametersαmax

i (introduced in Section 4)
change in a quasi-static manner. These types of changes, while occurring infrequently, tend to cause a significant spike
in ROT at the affected base, violating the constraints C1 and C2 before the distributed algorithm converges to a new
equilibrium.

In Figures 4 and 5, we see the effect of adding a new user at timet = 100ms. The spike in ROT that accompanies
the addition of a new user violates system constraints, causing unacceptably high BER. In addition, we see that the
new user sees not only a high initial transmit rate, but a large back-off in rate and a fairly slow convergence time. It
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is a topic of current research to develop modified base and mobile algorithms that will mitigate the undesirable effects
introduced by these dynamics [27].

7 Conclusion

In this paper we address the issue of rate allocation in a wideband CDMA system serving users with varying rates. We
first provided various definitions of feasible rate vectors. We then formulated the rate allocation problem as a global
optimization problem, the solution of which depends on the mobile layouts and tracking rules. The objective function
of such an optimization problem determines the trade-off between total throughput and fairness. Furthermore, we
have provided pairs of distributed mobile/base algorithms whose equilibrium point coincides with the proportional
fair solution to the original global optimization problem. In other words, we propose these algorithms as desirable
solutions to the problem of decentralized and distributed rate assignment in CDMA systems in scenarios where changes
in the characteristics of the network (layout, tracking assignment, and utilities) are slow. Finally, we demonstrate the
performance of these algorithms via numerical examples.

One of the most interesting areas of future investigation is the interaction of this rate-assignment algorithm with
higher level transport protocols - in particular, TCP. Such an interaction could be studied either by considering nested
distributed feedback loops for interference control at the MAC layer and congestion control at the transport layer, or
by jointly optimizing rates for congestion and interference control [26].

Appendix I: Proof of Theorems 1 and 2

We use Condition C1 to express the vector of powersP in terms of effective ratesri, i = 1, 2, . . . , N . From Condition
C1, for any mobilei and its assigned basel (i.e. b(i) = l), we have

Pigil(si + γ) = γ(N0W +
N∑

j=1

Pjgjl) = γN0W (1 + Zl).

Notice that the right hand side of the above equation is the same for all mobiles tracked by basel, i.e. for∀i ∈ Ml, we
have

Pigil = γN0Wri(1 + Zl). (15)

On the other hand, we can rewrite (2) as

Zl =

∑N
j=1 Pjgjl

N0W
=

1
N0W

L∑

k=1

∑

j∈Mk

Pjgjl =
1

N0W

L∑

k=1

∑

j∈Mk

Pjgjk
gjl

gjk
(16)

Now using (15) we have

Zl = γ

L∑

k=1


(1 + Zk)

∑

j∈Mk

rjgjl

gjk


 = γ

L∑

k=1


(1 + Zk)

N∑

j=1

Ψjkrjgjl

gjk




= γ

N∑

j=1

Glj

(
L∑

k=1

Rjk(1 + Zk)

)
(17)

We can write (17) in the matrix form:
Z = γGR(1L + Z) (18)

Now under Assumption 1 and using Proposition 1, we solve the above equation:

Z = γ(I − γGR)−1GR1L = (I − γGR)−11L − 1L (19)

where the second equality follows from(I −A)−1(I −A) = I.
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On the other hand, from (15) we have

P = γN0WR(1L + Z) = γN0WR(I − γGR)−11L (20)

Hence, satisfying Condition C1’ is sufficient and necessary to guarantee Condition C2. This completes the proof
of Theorem 1.

Similarly, (19) implies that satisfying Condition AC1’ is sufficient and necessary to guarantee Condition AC1.
This completes the proof of Theorem 2.

¥

Appendix II: Proof of Theorem 3

We show that LC1 is a sufficient condition for AC1’. To do so, we notice that LC1 can be written as:

‖γGR‖∞ ≤ K

1 + K
. (21)

Using the norm inequality‖(I −A)−1‖ ≤ 1
1−‖A‖ and LC1, we have

‖(I − γGR)−1‖∞ ≤ 1
1− ‖γGR‖∞ ≤ 1

1− K
1+K

= 1 + K (22)

Put vectorV = (I − γGR)−1. From the definition of the infinity norm and (22), we havemaxi Vi ≤ 1 + K, or
V ≤ (1 + K)1L. This is nothing but AC1’, and we are done.

¥

Appendix III: Explanation of Assumption 1

Assumption 1 implies that‖GR‖∞ < 1
γ , or ‖γGR‖∞ < 1. Now we use the fact that if there exists a norm‖ · ‖ such

that‖I − A‖ < 1, the matrixA is invertible andA−1 =
∑∞

k=0(I − A)k (see [13], Corollary 5.6.16, page 301). This
implies that the matrix(I − γGR) is invertible, and that the inverse is non-negative component-wise. Combining this
with (20), we have that Assumption 1 is sufficient (although not necessary) to guarantee the existence of a non-negative
power vector.
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Figure 3: Contour Plot of Equilibrium Rate Assignments
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Figure 4: Rate Assignment for an Individual User in the Presence of Dynamic Variations
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Figure 5: ROT Levels in the Presence of Dynamic Variations (ROT > 6dB yields unacceptable BER)
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