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Abstract—This paper discusses a new method to estimate the 

medium thickness based on the angular-frequency correlation 
function (ACF/FCF).  The angular-frequency correlation 
function has been shown to suppress the clutter in radar imaging 
applications.  Under real-world scenarios with rough surfaces 
and particle inclusions, it has unique characteristics, namely, 
memory line and memory dots, which can be useful for 
extracting medium characteristics.  We derive the analytical 
solution for the ACF/FCF of a multi-layer medium model using 
the ACBD matrix and first-order Kirchhoff approximation. We 
also conduct experiments to verify the method.  We show that the 
phase information of the ACF/FCF can be used to retrieve the 
thickness information of the medium.  This method has potential 
applications in the remote sensing of sea-ice and snow. 
 

Index Terms—Scattering, Remote sensing, Snow, Sea ice  

I. INTRODUCTION 
HE abiliy to retrieve the parameters of sea-ice and snow 
using remotely sensed data is crucial to wide-scale earth 

monitoring, especially in relation to the state of the climate 
and global warming phenomena.  Electromagnetic waves, 
either from an aircraft or satellite, have been used extensively 
in this application by imaging and sensing using the radar 
cross section.  Satellite images are used to estimate the extent 
of the ice cover in the North Pole, South Pole and Greenland.  
Several works have been devoted to the estimation of 
parameters of sea-ice and snow [1-9].  One of the most 
important parameters is the sea-ice and snow depth.  The 
thickness of sea-ice can be used to estimate the sea-ice volume 
which indicates the hydrological and climate state of the 
environment.  The snow depth is also very important, 
especially, the snow-cover on land because it is the indication 
of water equivalent that determines the water run-off after the 
snow melts.   
 In this paper, we explain a new retrieval method based on 
the angular-frequency correlation function.  The central idea is 
to employ active remote sensing by sending two waves at 
different frequencies and angles and use the backscattering 
signals to form correlation functions.  Because this wave 
correlation is for waves with two different frequencies and 
incident angles, we call it ‘angular-frequency correlation 
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function’ (ACF/FCF).  ACF/FCF has been used previously in 
the retrieval of the roughness characteristics of the surface 
[10], and object detection and imaging under a rough surface 
[11,12].  We derive the formulation of this ACF/FCF of a 
multi-layer mediun with rough surface interfaces using the 
ABCD matrix method and the first-order Kirchhoff 
approximation.  This correlation function exhibits a unique 
feature called ‘memory line’, which is a line of strong 
correlation when incident angles and observation angles vary.  
Using this memory line, we are able to choose the optimum 
combination of frequencies and angles to get a measurement 
for ACF/FCF.  The phase of ACF/FCF shows relationship 
with the medium thickness and its dielectric constant.  Thus, 
we employ the phase of ACF/FCF to retrieve the medium 
thickness.  We performed experiments to verify the existence 
of the memory line and showed that the forward model of the 
two-dimensional rough surface coincides with the 
experimental data.  We also show the effectiveness of the 
medium thickness retrieval based on ACF/FCF information. 

II. THEORY – ACF/FCF FOR MULTI-LAYER MEDIA 

A. Multi-layer media model – coherent component 
The multi-layer media model used in this work consists of 

four layers with rough surface interfaces as shown in Fig. 1. 
First, we consider the coherent component as shown in Fig. 

2. Using the ABCD matrix method [13], we can calculate the 
up-going and down-going waves as  
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in the calculation of the correlation function when the 
incoherent component is considered. 

B. Incoherent component – Kirchhoff approximation 
The coherent components are the scattering from the rough 

surfaces.  Considering the rough surface as shown in Fig. 3, 
we apply the Kirchhoff approximation to calculate the 
correlation of waves from rough surface scattering.  The 
correlation formulation is given by [14] 
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, L  is the correlation length, 

σ is the rms height, xeqL is the illumination length in x-
direction, and yeqL is the illumination length in y-direction. 
The function 11H and 22H  is given by 
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Fig. 3. Rough surface geometry 
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III. NUMERICAL CALCULATIONS AND EXPERIMENTAL RESULTS 

A. Experimental setup 
We performed experiments in the Ka band (30-40 GHz) with 
the setup schematic in Fig. 4.  An Agilent 8722ET vector 
network analyzer was used to measure the backscattered 
waves.  The rough surface is placed on a turntable that can be 
computer-controlled to rotate. The antenna is mounted on a 
boom above the surface, at a distance in the order of the 
antenna far field distance, and the boom is mounted on a 
rotational stage that rotates around the horizontal axis. Both 
axis drives are driven by stepping motors which eliminate the 
need for electronic position feedback.  The photo of the 
experimental set up is shown in Fig. 5. 

The medium used in the experiment is a slab of low-density 
dielectric with a smooth surface on one side and a rough 
surface with conducting graphite paint on the other side.  The 
rough surface has a Gaussian characteristic with the rms 
height (σ ) of 3 mm and correlation length ( L ) of 12 mm.  A 

side cut of the medium is shown schematically in Fig. 6. 

We performed experiments by, first, fixing the incident 
angle at 19°, and then varying the frequency from 30 GHz to 
40 GHz with the step of 250 MHz creating 401 data points.  
Then, we rotate the turntable by 20° and repeat the process.  
This rotation of the turntable is to create other scattering 
events for an ensemble average process in the correlation 
function calculation.  Next, we perform the same measurement 
when the incident angle is fixed at 20°.  The backscattered 
waves at 19° incident and 20° incident in the same 
configuration are then correlated using 

 1 2
1

1 ( ) ( )
N TH

i

i i
N =

⎡ ⎤= ⎣ ⎦∑C L L  (8) 

where C  is 401 by 401 correlation matrix. The vector 1L  is 
the 1 by 401 vector from the measurement at incident angle of 
19°, and the vector 2L  is the 1 by 401 vector from the 
measurement at incident angle of 20°. The iteration i indicates 
the ‘ensemble’, which is the position of the rotated rough 
surface, and H denotes the conjugate transpose.  Based on 
our data analysis, we use 20N = . 

B. Comparison of analytical and experimental results 
We apply the analytical solution explained in the previous 

section with some modifications. The modifications of the 
analytical solution are assumptions that the characteristics of  
medium 2 are set to equal to those of medium 1, which 
effectively reduce the problem to a three-layer medium.  Also, 
for the last medium, we put in the characteristics of a 
conducting material.  Thus, the modified analytical solution 

Fig. 4.  Schematic of the experimental setup 

 
 
Fig. 5.  Photo of the experimental setup 

 
Fig. 6.  A side cut of the medium (‘thin’). L = 30 cm and H = 3 cm. 
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represents the experimental setup.   We compute the 
correlation function by fixing incident and observation angles 
and varying the frequency as described previously in the 
experiment setup.  The results are pictures of the ‘memory 
line’.  We compare the memory lines obtained by analytical 
solution with those obtained from the experiments, and the 
results are shown in Fig. 7. 

The results verify the existence of the memory line 
phenomenon on the expected angle and frequency 
combinations.  This strong correlation enables the retrieval of 
the wave correlation information.  Because we will use phase 
information for thickness retrieval, the phase information 
verification is crucial.  The comparison of the phase of the 
correlation function from the analytical solution and the 
experimental data is shown in Fig. 8. 

We further investigate the effect of the thickness of the 
medium to the correlation function. In the experiments, we put 
a slab of the same medium on top of another medium as 

shown in Fig. 9.  Then, we investigated the memory line and 
the result is shown in Fig. 10. Compared to the memory line in 
the ‘thin’ case in Fig. 7, the memory line in the ‘thick’ case 
locates in the same combination of angles and frequencies.  
However, the memory line appears to be thicker.  Now, we 
compare the phase characteristics of the correlation function 
in the ‘thick’ and ‘thin’ cases.  The results are illustrated in 
Fig. 11. 

 
 
Fig. 8. Comparison of phase of the correlation function  

 
Fig. 9.  A side cut of the second configuration medium (‘thick’). L = 30 cm 
and 1H = 3 cm, 2H = 1.6 cm. 

 
Fig. 10. Memory line from experimental data in the ‘thick’ case

 

 

 
Fig. 11. Comparison of phase of the correlation function. Top: Analytical 
solution, Bottom: Experimental data  

 

 
Fig. 7. Memory line phenomenon. Top: Analytical solution, Bottom: 
Experimental data 
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C. Inversion method for medium thickness retrieval 
We use the phase from the frequency difference to 

determine the thickness.  The estimated thickness is 
approximately 

 
cos

4est

c
h

f
φ θ

π
=

Δ
 (9) 

where c  is the speed of light in the medium 83 10 rε= × , θ  

is the incident angle, fΔ  is the frequency difference, and φ  is 
the phase of the ACF/FCF.  This formula is valid for the case 
where the incident angles of the two waves are very close.  In 
our case, the incident angles are 19° and 20°.  From this 
formula, we can estimate the thickness of the medium using 
the phase information shown in Fig. 11.  The results, which 
are illustrated in Fig. 12, show variations as a function of the 
frequency difference.  However, when we average these 
estimations, we get an estimate of 30.4 mm and 46.4 mm for 
the experimental data and 29.3 mm and 44.9 mm for the 
analytical solution in the case of ‘thin’ and ‘thick, 

respectively. 

IV. CONCLUSIONS 
We present a new method to estimate the thickness of the 

medium based on angular-frequency correlation function.  The 
phase of the ACF/FCF is used to retrieve the thickness of the 
medium.  We present the analytical solution of a multi-layer 
rough surface model based on the ABCD matrix and 
Kirchhoff approximation.  Experiments are performed to 

verify the analytical solution and the retrieval method.  Good 
agreement is observed in the comparison of experiments and 
the analytical solution.  We also show that this new method 
can effectively retrieve the thickness of the medium with good 
accuracy. 
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Fig. 12. Estimation of the medium thickness. Top: Analytical solution, 
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