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ABSTRACT

Time reversal has attracted considerable attentionrecent years, particularly because of its pdaénfor
communication and imaging through a complex envirent. When a wave is emitted by a point sourceigneceived
by an array of receivers, and time-reversed an-paempagated in the same medium, the wave is remtmear the
original source. The time-reversal array is aksibed the “time-reversed mirror” or the “conjugaérror”.

If the medium is free space, it is clear that tlevevis refocused with the resolution determinedheyaperture
size of the array. What is unusual is that if thedium is random causing multiple scattering, tlaevis refocused
with the resolution better than that in free spaomtrary to our intuition. This is called the fgr resolution” which
has been studied experimentally and numericallg, ssme theoretical explanations have been offerEdis paper
presents a detailed analytical theory of time reakin random media. It includes several featwigish do not seem to
have appeared in the literature. The relationdid@jween the super resolution and the coherencehléras been
pointed out in the past, but this paper gives alydical explanation of the role of the coherentesuiper resolution.
The theory in this paper also shows clearly thengheacurtain effects and the backscattering enhaeoénm time
reversal, which do not seem to have been disclisdbé past.

The formulation is based on our previous studiestochastic Green’s functions. First, we consither first
moment of the refocused field, making use of théualucoherence function and the Gaussian phaséidanior the
random medium. The point source emits a Gauss@dulated pulse. The first moment consists of terons. One is
the coherent field which is attenuated due to thecal depth, and the other is the diffuse compénérhe coherent
image is substantially the same as that in freeespaxcept for attenuations. However, the difts@ponent, which is
dominant for large optical depth, has a much smapet size than that in free space. This suluéon is due to the
coherence length which is smaller than the freeespot size. As the multiple scattering increaies transverse
coherence length decreases in proportion to thersevof the square root of the scattering depgultieg in a smaller
spot size and super resolution. The longitudipak size along the propagation direction is sulistty the same as
the original pulse because this is the first momeélttis formulation also gives the shower curtdiiea giving higher
resolution when the random medium is closer tosthece.

Next, we consider the second moment. Becauseeotiie-reversal back-propagation, this second mémen
requires the fourth-order Green’s functions. Welemthe circular complex Gaussian assumption tluce the fourth
moment to the second moment. Since we deal wihtithe-space Green’s function, we developed twqtieacy
mutual coherence functions based on the extendedjéis-Fresnel formulations. The refocused seconthent
exhibits both the shower-curtain effects and baattedng enhancement, and the longitudinal spet s@v reflects the
temporal broadening due to the random medium. Vfelode with potential applications to communicatiand
imaging in complex and random environments.

FIRST AND SECOND MOMENTSOF THE TIME-REVERSED FIELD IN A RANDOM MEDIUM

Consider the problem shown in Fig. 1.
A point source af;(L,0) emits a Gaussian modulated pulse given by

2
F(t) = A)exp(—%—iwotJ )
Its spectrum is given by
a2 | (w0-w)
Flw) = A 2o P AeF )
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where Aw=2/T, is the bandwidth andu, is the carrier frequency. This is time-reversed aent into the same

medium. The spectrum of the time-reversed fielthéscomplex conjugate of the spectrum of the pabfield. Thus,
this is called the “time-reversal mirror” or theofgugate mirror”.
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Figure 1: A point source df emits a Gaussian pulse, which is receive®by+ 1 receivers, time-reversed,
back propagated into the same medium, and obsetved

The time-reversed field is then emitted into theneamedium and the field &f is the sum of all contributions
from 2N + 1 transducers and given by the spectrum:

Y, w) =D YT, w)

®3)
YT R0 =G T, @G [ F w)F(v)
The average field is therefore given by
_ 1 . _
(p(r.,0) :57jexp(—|wt) dw Y (WET, T w)
" (4)
_1 . S .
_ETjexp(—lwt) dw anrn CnLFwF (o)
where [ is the mutual coherent function of the fieldfatand T, with the source af, .
r —<G(r WG (T )) (5)
The second moment is given by
<¢/(rs,t W (Tt )> (o7 Idwl dw, [ (@, w,)F (w,) F,(w) exd-iwt +iwt ) (6)
where
(@) =Zz<elezegs*4>
G =G(TT), G, =G(N, T @), )
G,=G(T..T,,@,), G,=G(T, I w,),

The fourth order moments are expressed in termhefsecond moments by using the following circamplex
Gaussian assumption:

(GG,GG,)=(GG,)(GE ) +(GG )G )=(G )(GC )(G }(G ) ®)

Numerical calculations based on the above formadatare given in Fig. 2.
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Figure 2. Time reversal in a random medium. Psintrce a0 =0, z=L) emits a Gaussian pulse which is

received by an array of transducers and time-redeasmd back propagated. This will be focused tiear
source with a resolution better than that of fig@ce (super-resolution). This shows the supeiutiso (W is

smaller than that in free space) and the showéaioueffects (when the random medium is close ¢osthurce,
d, =251, the resolution is better)a, = 44.578 corresponding to anisotropy factgr=0.85, a =54, albedo

W, =0.9,and Aw/w, =0.1. (A) and (B) are the first-moment solutions, @ (D) are the second-moment
solutions.



We note that when the medium is far from the ardy= 251 ), the transverse coherence length is smaller wisem
the medium is close to the arragl,(= A ). For the first moment, the reduced coherencgtlegives a smaller spotsize

(W/A). For the second moment, the dispersion givead#opulse durationXz/c) if the medium is closer to the
array, and therefore, to conserve the power theswerse spot size W/A) decreases. The backscattering
enhancement is included in (8). If we ignore thekscattering enhancement, we have

<G1G;GSG*4> =<G1G*2><G3G4> 9)

The difference between (8) and (9) is the abseftkeocorrelations betweefs, and G, and betweerG, and G, in

9).

CONCLUSIONS
This paper gives a theoretical explanation of sgvanusual time reversal phenomena including sugpsshution,
shower curtain effects, and backscattering enhaeoem
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